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Task description:

Two cylinders with a given permeability and a certain radius ri and r; are separated in a given
distance d. The permeability of both cylinders is p; and p..

Two live conductors with current I; and I; are located outside the cylinders.
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This problem in one plane could be described by bipolar-cylindrical coordinates.

Task: Search for the mechanical force on two conductors and cylinders induced by the currents
and compare them with the weight force of a typical electrical cable.

Potential solutions:

a. Determination of potential from given boundary conditions based on electro-magnetic field
theory by Maxwell for the case of constant current/ field.

b. Mirroring between two partial circular areas with given permeability.
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[.  Bipolar-Cylindrical Coordinates

[.L1 Definition of bipolar-cylindrical coordinates

The following relationship connect a complex w plane and rectangular coordinates z

ev+1 eW/24 g=W/2 w .
zZ=a ey =a Wiz g-w/2 = acoth; equation (1.1.1)
w=u-+jv applying the complex w results in
sinhw sinh(u+jv)

zZ=a Cothg =a complex hyperbolic function

coshw—1 cosh(u+jv)—1

zZ sinhu coshjv +coshusinhjv . ) . L.

- = — — based on cosh jv = cos vand sinhjv =jsinv
a coshucoshjv+sinhusinhjv-1

z sinhu cosv+jcoshusinv coshucosv—1—jsinhusinv .

== — - — , extended by denominator
a coshucosv+jsinhusinv-1 coshucosv—1—jsinhusinv

z _ sinhucosv (coshucosv—1)+coshusinhu sin® v—j [sinh?u sinv cosv—coshu sinv (cosh u sinv—1)]

a (coshu cosv—1)?+( sinh usinv)?

The denominator N will be simplified as follows

N = cosh® u cos? v — 2 coshucosv + 1 + sinh? u sin? v with sinh?u = cosh?u — 1
N = cosh?® u cos? v — 2 coshucosv + 1 + cosh? u sin? v — sin®*v with cos? v+ sin®v=1
N = cosh® u — 2 coshu cosv + cos? v will be

N = (coshu — cosv)?

The real part of the numerator Z will be

Real {Z} = sinhu coshu cos* v — sinhu cos v + sinhu cosh u sin® v = sinhu (coshu — cos v)

The imagine part of the numerator will be

Im {Z} = sinh® usinv cos v — cosh® usinv cos v + coshu sinv = sinv (coshu — cosv)

Therefore exist the following relationship between the z = x + jy plane and w = u + jv plane

. inh , i
z=x+jy= — J oL Equation (1.1.2)

coshu—cosv coshu—cosv
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I.1.1 What function describe the value u = constant within the z-plane

sinhu

X .
5= " e squaring
x%sin®*v = y* sinh®> u = x* (1 — cos?v)
inh .
X = ———— the real part of eq. [.1.2 will be
coshu-cosv
x coshu — x cosv = asinhu squaring
x? cos®* v = x* cosh®u — 2 a x coshu sinhu + a® sinh® u inserting
y*sinh®*u = x* — x*cosh?u + 2 a x coshusinhu — a® sinh* u
2 inh2q, — 12 2 2 i ]y2 : 2 i ]y2
y“sinh®u = x* —x“ —x“sinh®* u + 2 a x coshusinhu — a” sinh* u
sinh®>u (y?+ a? + x?) = 2 axcoshusinhu
2 2 2 _ coshu
x*+y“+a°"=2ax p——
2 2
2 coshu ( coshu) — 2 .2 ( coshu)
x 2 ax sinhu + asinhu a yo asinhu
coshu \? sinh*u cosh®u . .
(x — a_—) = V4P T2 222 which will be at the end
sinhu sinh*u sinh*u
2y (x _ acoshu)2 _a (113)
y sinhu © sinh*u o
This is the equation of a circle with the general form (x— x0)?+ (y—yp )2 =12
The values u = cont are circles on x-axis with
(x—c)?+ y*=(1)? is the general circle equation (1.1.3a)
h . . .
Cy = L is the circle centre at x-axis (1.1.3b)
sinhu
a . . .
T = sinhu| is the circle radius (1.1.3¢)
A graph of above mentioned equation is shown on the page after next.
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1.1.2 What function describe the value v = constant within the z-plane

sinhu

x
y sinv
X

2sin®* v = y? sinh®* u = y* (cosh*u — 1)

— asinv
Y= coshu—cosv
ycoshu—ycosv=—asinv > ycoshu=ycosv—asinv

y* cosh®* u = y* cos* v — 2 a ysinv cos v + a® sin® v

x*sin*v = y*cos*v—2aysinvcosv + a®sin®* v — y?

squaring

the imagine part of eq. .1.2 will be

squaring

inserting

with sin?v+cos?v=1

x*sin*v = —y*sin*v —2aysinvcosv + a®sin®*v sorting
sinv[x?+ y?— a?] = —2aysinvcosv dividing by sin? v
2 2
y24+2ay =24 (a m) = a*—x*+ (a m) will be finally
sinv sinv sinv
x2+( +a°°s”)2—( ¢ _yz (11.4)
y sinv ~ Vsinw o
This is also a circle equation describing with values v = const circles at the y-axis
X+ (y—c,)? = (r,)? is the general circle equation (1.1.4a)
Cy = — Z?:: is the circle centre at y-axis (1.1.4b)
T, = - is the circle radius (L.1.40)
sinv
A graph of the above mentioned equation is shown on the next page.
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The following graph demonstrates two set of circles u and v as described in equation [.1.3/ .1.4.
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.2 Application of bipolar-cylindrical coordinates

The following drawing described two cylinders and two life conductors

conductor with [
permeability
Ho
Y1 cylinder with ryand p 4
Ha Wy
VAR N
51
[ Y2
-
— d, —
K d, >
< D >

The bipolar cylindrical coordinates are defined by two sets of equations in u and v as follows:

_ 2 2 _ 2 . . _ coshu

x—c)*+y'=(Mm) with circle centre ¢, = a ——
2 — 2 2 . _ _ , cosu
X+ - ) =) with Cy a—

The distance D between both cylinders is the sum of both circle centres.

coshuq coshu,
D= ¢y |+ |cu. | =a
| u2| | u1| ( cinhuq cinhu, )
D _ 1+sinh*u, J1+sinh?u,
a sinh uq sinhu,
. . . . a . 2 a N2
The cylinder radius is defined as: Ty, = |= > sinh® uy , = (—)
1,2 sinhu, , ’ T12

2 2
b_n /1+(£) LT /1+(i) which will be finally
a a 1 a 2

D=()*+ a®+ J(1)?2 + a

With given geometry for distance and radius of cylinders we get the reference constant a

Substitute q* = (r)?*+ a? and therefore  a* = q* — (1,)? integrate into D
D= \/? + V@2 +q2— ()2 D—q= ()?+q*— (r)? squaring
(D —q)*= D*-2Dq+q*= ()*+q*— ()* q will be
q= % [D? = (r)* + (n)?] = (1?2 + a dissolve to a results in

D2—(1,)2+ 272
a = \/[ (TZZ)D (7"1) ] _ (7,.1)2 (1.2.1)
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The constant a is now known, the values of u,1,, which describe the cylinders will be based on the
cylinder radius 1.1.3c as follow

aZ

(ry)?

The inverse hyperbolic functions describe the circle of the cylinder in both parts of the plane.

sinh®u =

u; = sinh™?! (ri) cylinder circle 1 with u; = constant (1.2.2)
1
u, = —sinh™?! (ri) cylinder circle 2 with u; = constant (1.2.3)
2

Note: the positive sign is valid for circles in the right (positive) x-plane,
the negative sign is valid for circles in the left (negative) x-plane.

The origin of coordinates on x-axis is the distance of the circle in accordance with equation [.1.3b

V4 conductor with [,
permeability
Mo

Y1 cylinder with ryand p
H2 l W
I T x=0 \ X
I

Y2
I, l

ﬁ i Cm >

«— d;, —»

d,

Yy

D

[ Y

With this origin of coordinates we could calculate the location of the two conductors

X, = ¢y — dy and Vi, = N for conductor 1 (L.2.4)

1 1

X, = Cy. — dy and Vi, = V2 for conductor 2 (1.2.5)

2 1
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Within the w = u + jv plane the coordinates for the conductors will be calculated with eq. 1.1.3

acosh u) 2 . a?

= squarin
sinh?u q g

y2+(x—

sinhu

2 —
(y.)%+ (%)% — 2ax,cothu, + q? &h =1 _ with sinh?x=cosh?x - 1

i 2
sinh®up,

2axy

(y)?+(x)*+ a® =

tanhuy,

you find an equation for the u-component uy,

Similar the calculation steps for the v-component from eq. 1.1.4

2
2 Cosv _ a 2 .
X+ (y +a - ) = (_sinv) squaring
_ 2
(x)?+ (y)? + 2ay,cotv, — a? 1;:# =0 with sin?x=1 - cos?x
L
2 2 _ 2 _ ~2ay
(x)*+ (y)*— a” = Tanv,

you find a second equation for the v-component vy,

Therefore the coordinates of the conductors within the complex bi-cylinder w = u + jv plane
will be with the arcus/ inverse tangent/ tangent hyperbolic as follow:

_ -1 2 axy
u; = tanh 2t Lt (1.2.6)
— -2 ayp
v, = tan~! 1.2.7
t (x1)2+ (v,)2- @’ (.27)
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[.3 Planar magneto static problem

The Maxwell equations for (non-moving) systems are:

rotH =G + ‘Z—? with H magnetic field vector in [A/m] Gcurrent density in [A/m?]
rotE = — z—l: E electrical field in [V/m]

divB =0 B magnetic inductive field in [Vs/m?]

divD = P D electrical displacement density in [As/m?]

p volume charge density in [As/m?]

In addition we have three equations for material behaviour of field components

B= U H with p di-magnetic constant/ permeability g = po prin [Vs/Am]
G=wE n electric conductivity in [A/Vm]
D=¢E € di-electrical constant/ permittivity € = € eg in[As/Vm]

For time constant fields the derivation of magnetic and electrical field is zero. Every source free
magnetic field can be described by a new vector field A with

B=rotA therefore divB =divrot A= 0

Based on the first Maxwell equation you will get a relationship between the current density and
the new vector field A

G =rot H =rot (ﬁﬁ) = i rot B = i rot rot A

rot rot A= 1} 5
Applying the rules for the rotation of a rotation to a vector field yields

rotrot A = grad div A-— AN = 1 G with A being the Laplace operator
We can assume that the sources of the new field is source free div A = 0

—AA= 1 G

If you are using general Cartesian coordinates in u you will get the following equation for the
vector potential A as a function of G with e, being the unity vectors in u123 direction

AA = A(eg Ay, +E, Ay, + 65, Au,) = — 1 (€y,Gy, +&y,Gu, +€,Gy,) =pG | (13.1)

For planar fields in u, v (independent of z-axis) we have to solve the field equation with
A= €, A(ug, uz)

For an area with disappearing current density equation 1.3.1 will be reduced down to

AA,= 0 with 4, = &, A(uy, uy) (13.2)

This is two-dimensional Laplace equation for A
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0%4, 0%4,
6u12 auzz

AA, =

Product approach by Bernoulli A, (uy,u;) = U;(uy) Uy (uy)

0%(Uy Up) 0%(U1 Up) 0%U, 9%U,
=U U = divide by U; U
6u12 6u22 2 aulz + 1 auZZ y ! 2
1 9%U; 10°U, _ 0
U1 6u12 UZ 6u22 -

Two functions which are only dependent of either u; or uz should be zero. This is only possible if
both are constant equal to plus or minus p?

1 0%U, 1 *U;

Uq 6u12 U, au.zz -

2 2

p -p either
- g%q® or
Both separations lead to two usual differential equation of second order

0%U, 0%U,

2] — 27 : -
o’ p°U, =0 and o, + p°U, =0 first possibility

! Ulz + q°U; =0 and 2 Uzz - q°U, =0 second possibility
du, du,

Both sets of equations have the same structure and leads to same basic solutions (either in p or
Q).

The solutions of both differential equations are
Uy, (u;) = A, coshpuy + By, sinhpu, for p#0 and Uy,(uy) = Ap + By uq for p=0
Uz, (up) = C,cospu, + Dy sinpu, for p#0 and Uy, (uz) = Co + Dy u, for p=0

The general solution in accordance with the product approach by Bernoulli is the sum of all
potential sequence elements in p, where the separation constants in A, By, Cp and Dy, has still to
be evaluated.

Therefore the complete solution will be either

A, (uy,uz) = (Ag + By uy)(Co + Do uz)
+ Zp(Ap coshpu, + B, sinh pul)(Cp cos pu, + D), sin puz) (1.3.3)

and/ or the second possibility

A, (uy,uz) = (Ag + By uy)(Co + Do uz)
+ Zp(Ap cos pu, + By, sin pul)(C‘p coshpu, + D, sinh puz) (1.3.4)

Note: the separation in this form is only possible if the functions ui(x, y) and ux(x, y)
have the same metrical factors h; = ha.
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[.4 General orthogonal coordinate system (u, v)

The orthogonal coordinates in u and v
have the unity vectors e, and e, in direction
of growing axis values u and v.

pointp(u,v)

The orthogonal coordinates are connected
with the normal Cartesian coordinates
within the x-y plane via

x =x(u,v)
y=y(uv)

The unity vectors are the tangent at point
p(u,v) of the vector r in u,v

e, = hiu Z—; with h, = |£| being the metric factor in hy
e, = hl,, Z; with h, = Z—; being the metric factor in h,
_ 9y12 _ oy

(hu)z (au) =le xau Lt €y au] and (h”)z (av) = e xav s €y av]z

Therefore the absolute value of metric factors
_[rax\? | (ay)? _[rex\? | jay\?

he= J(&) +(2) ad b= (2 4(2) (4.1
The total differential drof point vector r will be

- d — —

dr = é du + idv= e, hy,du+ e, h,dv
Therefore the absolute value of vector line element

(dr)? = (hy)*(@w)? + (hy)?*(dv)?
I.4.1 Gradient of a scalar function
The total differential of a scalar point function will be

do = 6_(p du + 6_(p dv multiplying with hyy

do = - resulted in

— 1 a — 1 a — —_—
dp = [“h ai+e”h_,,a_(5 [eg hy du + e, h, dv]

The first square bracket is the Gradient in general orthogonal coordinates.

— 1 d¢ — 1 d¢
grad ¢ = Cur Gu + i, (1.4.2)
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1.4.2 Divergence in orthogonal coordinates
For general orthogonal coordinates (u, v, z) is the divergence of vector V

1
hyhyh,

. a a a
div ¥ = (32 PV + 55 () + 5 (V)]

For the special case of a planar case with d/9z = 0 and metric coefficient h, =1

- 0 ad
divV = ﬁ [E (h,V,) + E(hqu)] (14.3)

1.4.3 Divergence of gradient
For general orthogonal coordinates (u, v, z) is the divergence of vector V

With V = grad ¢ equation 1.4.3 becomes

o Lo (o) + 55 ()|

For the special case with equal metric factors (see 1.4.1) we will get

divV = div grad ¢ =

. 1 [0? ik
A = divgrad ¢ = = [auq; + av(f] (1.4.4)

1.4.4 Rotation of vector field
The general definition for a rotation within orthogonal coordinates (u, v, z) of a vector V

rotV = er(er rotl7) + ey(e; rotl7) + e3(e; rotl7)
with

— = 1 d d
e, rotV = ﬁ I:a_u] (hi Vi) — a(h] Vj)]

for all right handed coordinates systems (u;, uj, ux)

For the special case of a planar system in zwithus =zand h,=1andh; =h;=h

= 1 9
eq rotV = n E (V3) (1.4.53)
GrotV = —1 = (V) (14.5b)
1
— = 1 5} a
€3 rotV = el [a_ul (hZVZ) - a_uz (hlVl) ] (I.4.5C)
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.5 Laplace equation at bipolar-cylindrical coordinates

The relationship between bipolar-cylindrical and Cartesian coordinates are defined in (1.1.2)
sinhu sinv

X=aq————— y=—a

coshu—cosv coshu—cosv

The metrical factor for u-component will be

2 2 : .
2 _ (9x a_y) _ i( sinhu ) 2 i( —asinu ) 2
(h)™ = (au) + (au ~ lou acoshu—cosv ] + [6u acoshu—cosv ]

The first square bracket in x will be

d ( sinhu ) 1 . .
—la = a coshu (coshu — cosv) — asinhusinhu
ou coshu—cosv (coshu—cosv)? [ ( ) ]

1 .
= ————J[a?cosh?u - a sinh?u — a coshu cosv] =
(coshu—cosv)

a(l—coshu cosv)
(coshu—cosv)?

(6_x)2 = [;] 2 (1 — 2 coshu cos v + cosh*u cos* v)
ou (coshu—cosv)?

The second bracket will be
i( —asinu ) _ —asinv
ou " (coshu—cosv)?

(g—z)z = [(cosh;] % (sinh®u sin®v)

[0 _ sinhu] _ asinhusinv Hi

(coshu—cosv)?

coshu—cosv

u—cosv)?
Therefore the metrical coefficient of hy

[ a | . .
(hy)? =|————|? (1 — 2 coshucos v + cosh®u cos* v + sinh®u sin® v)
| (coshu—cosv)?]

[ a | . .
(hy)? = |————=|?* (1 — 2 coshu cosv + cosh®u cos* v + sinh®u — sinh?u cos® v)
| (coshu—cosv)“]

(hy)?* = m 2 (1 — 2coshucosv + sinh*u + cos* v (cosh®u — sinh®u)

Note for the elements in blue cosh?-sinh?=1 and in red 1+sinh?=cosh?, therefore

(hu)z - [(cosh

The metrical factor of the u-component is therefore simply

2

a a

] 2 (coshu — cosv)? =

u—cosv)? (coshu—cosv)?

a

u coshu—cosv

The metrical factor for v-component will be in a similar way

= () + ()

ox a sinhu .
— sinv) H#it

v (coshu—cosv)? (0

6_y _ 1 _ _ o . . __ a(1—coshucosv)
v — (coshu—cos) [-acosv (coshu — cosv) — (—asinv)sinv] = ~coshu—coso). #
The calculation will have the same final result in v as well as in u, therefore
a
h=———— metrical factor for bipolar-cylindrical coordinates in u, v (L5.1)
coshu-cosv
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The Laplace equation in bipolar-cylindrical coordinates will be for the function ¢ (u,v)

a

with h =

1 [d% 62<p]

Ap = — -
4 h? Lou? ov? coshu—cosv

The solution of A ¢ = 0 will be for
equations (1.5. )

u = const
o, v) = (Ay + Bou)(Cy + Dyv) + Zp(Ap coshpu + B, sinh pu)(Cp cospv + Dy, sin pv) 2
and/ or

v = const
o, v) = (Ay + Bou)(Cy + Dyv) + Zp(Ap cospu + By, sin pu)(Cp coshpv + D), sinh pv) 3
Note: h =h (u, v)

Important: mathematical operations grad, div or rot are dependent of metrical factor h = h (u, v)

grad @ = [Z{ g@ e, 3—(5] (1.5.4a)
div?V = = |& (h 32) +8;(h 32)| (15.4b)
otV =2 {= 22+ ey {—2 25 4 [ [ () — = (h)]] (15.4¢)
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1.6 Relationship between x-y Cartesian and u-v bipolar-cylindrical coordinates

The bi-cylinder coordinates are defined by (1.1.2)

> N —» asinhu —» —asinv
Z=T= e,

coshu—cosv Y coshu-cosv

The unity vectors in bipolar-cylindrical coordinates are with the same metric factors

— 1 0r 1 0 {_> asinhu —» —asinv }
U~ hy ou - hy Ou X coshu—cosv Y coshu—cosv
1 {_>acoshu(coshu—cosv)—asinhusinv — —asinv (- sinhu)}
T ohy UX (cosh u—cosv)? Y (coshu-cosv)?
coshu—cosv a — — . ,
= e,(1 — coshucosv) + e, sinhu sinv
a (coshu—cosv)? { x( )+ y }

Therefore for unity vector in u-direction

S—— 1

e, = [ex(1 — coshu cos v) + e, sinh usin v (1.6.1)

coshu—cosv

Same procedure for the other unity vector in v direction
— 10r 1 0 {_> asinhu — —asinv }

e, = = — —_
v hy OV hy dv U™ coshu—cosv Y coshu—cosv

1 {_> —a sinhusinv — —acosv (coshu—cosv)+sinv sin v)}

hy U* (coshu—cosv)? y (coshu—cosv)?

Therefore unity vector in v-direction

— 1 s . ) N
ey = ——— |- e sinhusinv + e, (1 — coshu cosv)] (1.6.2)

You will find the following relationship for scalar product of

[~ sinhusinv + coshu cosvsinhusin v+ sinhusinv —sinhusinv coshu cosv] _

e, e, = 0
u-v (coshu—cosv)?

— [1—2 cosh u cos v+cosh®u cos? v+sinh?®u sin? v]

€y 6y =

(coshu—cos v)?

_ [1-2 coshu cosv + cosh?*u — cosh? u sin? v + sinh®u sin? v] ch?x — sh?x= 1
(coshu-cosv)?

__ [1-2coshucosv + cosh?u—sin*v] _ [cos’? v—2coshucosv + cosh’u] _ 1
(coshu—cos v)? (coshu—cosv)?
e = [sinh? u sin® v + 1-2 cosh u cos v+cosh?u —cosh?u sin® v]
vy (coshu—cosv)?
__ [1-2coshucosv + cosh?u—sinv] _ [cos’ v—2coshucosv + cosh’u] _ 1
(coshu—cos v)? (coshu—cosv)?

The u-v coordinates are working as expected/ defined.
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The vector products are as follows:

— — ? . .
e, X e, = ———=——[1—2coshucosv + cosh® u cos* v + sinh® u sin* v] = 0
(coshu—cosv)
— = e, 2 2 2 2
e, Xe, =——=2——|1—2coshucosv osh*u v cosh“u—1) (1 — ] =0
u X € (Coshu_cosv)z[ + cos cos®* v + (cos ) (1 — cos“v)]
=5 e 2 2 -
e, Xe,=——>=2—— |cosh“u— 2coshucosv + cos“v]|= e
u Y " (coshu—cosv)? [ + ] z
e, Xe,=———|—¢, (1 —coshucosv)— e, sinhusinv|=-=e
z V " coshu-cosv [ x ( ) y ] u
—_ 1 — . — _
e, Xe, =——— |—e, sinhusinv+e, (1 —coshucosv)|==e
z U coshu-cosv [ x + y( )] v

The bi-cylinder coordinates are creating a right handed coordinate systemu>v >z
The vector Vin u-v coordinates

V=1tV + eV
Will be transferred to the following vector components in x-y plane

V» [ex(1—coshu cosv)+e, sinhusinv| v, + [- exsinhusinv+ey (1-coshu cosv)| vy

coshu—cosv coshu—cosv

Comparison of both equations will result in components of Vi and Vy,

1—-coshucosv) Vy—sinhusinv 1,
v, = ¢ ) Vu v (1.6.3)

coshu-cosv

sinhusinv V; +(1—-coshucosv) V,
v, = o +( Vo (1.6.4)

coshu—cosv
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I[I. Exciting and disturbing vector potential

I.1 Exciting vector potential of one conductor

YV a
volume 1 I
v conductor with
' [at xq, ¥4
X=—-—a X
u=—oo
u = const.
v = const.

A conductor with current I; is located at x; and y1. The bi-cylinder coordinates within u-v plane
will be in accordance with equation .2.6 /7

2axqg -1 -2ay;
v, = tan
(x1)2+ (21 )2+ @ 1 (x1)2+ (x1 )2— @®

u; = tanh™?!

The current flow within the z-axis will create a corresponding vector field 4 in z-direction
A=7e 4,

The solution will be based on orthogonal functions in v, because on u=const. we will have
boundary conditions for the cylinder in accordance with equation 1.3.3

The hyperbolic function sinh(x) and cosh(x) will be changed to exponential function, because
sinhx = % (e*— e™) and coshx = % (e*+ e™)
A,(u,v) = (Ay + Bou)(Cy + Dyv) + Zp(Ap coshpu + B, sinh pu)(Cp cospv + D, sin pv)

A,(w,v) = (4p + Bou)(Cp + Dov) + X (AZ[J [(67311._276—7111)] + B, [(epuzie_pu)]) (Cp cospv + Dy, sin pv)

A,(u,v) = (Ag + Bou)(Cy + Dov) + X, (Apz Bp gou 4 _A”; i e‘p“) (C, cospv + D, sinpv)

And finally renaming the round brackets with A, B, to new A, B,

A,(u,v) = (Ag + Bouw)(Cy + Dyv) + Zp(Ap eP" + B, e‘p”)(Cp cospv + D, sin pv) (I.1.1)

The next steps will be to define the coefficient A;, B;, Ci and D;based on the physical boundary
conditions between the sub volumes I, II and III as well as the known current I

Volume I: —oo<u<0 left plane untilx =0
Volume II: O<u<u right plane between x = 0 and cylinder with u = const.
Volume III:  wi<u< 4o within the cylinder u = const.
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Volume I: —oo<u<0

Due to the fact that the problem has a symmetry in rotation volume [
in the u-v plane with u = constant g

Do[ == 0
The potential is limited, because the current is limited ,«“f K /

for u = — oo, which means x = —a ,
Bo=0 and all Bpr has to be zero for eu '\
Bp] == 0

Therefore equation I1.1.1 will be simplified to
Ay (u,v) = AgCor + X (A,)(Cpy cos pv + D,y sinpv) eP*
With renamed coefficient the potential solution will be based on

Ay (u,v) = K, + ¥,(Cyy cospv + Dy, sinpv) eP* for volume I (I1.1.2a)

Volume II: O<u<u

Also this case has symmetry in rotation

volume |
Dou=0 ot
Due to the fact that we are in an area with limited .
values for u we have in this case no further
possibilities to set some other coefficient in B
to zero.

Equation I1.1.1 will be simplified to
Azt = (AouConr + Boir Conrtt) + Xp(Apir € + By €7P%)(Cppy cos pv + Dyyyy sinpv)

Therefore with renamed coefficient the field ansatz will be as follow.

Ay = (K + Copu) + Zp(Ap,, eP* + B, e‘p”)((}p,, cos pv + Dy sin pv) for volume II (11.1.2b)
Volumelll: w<u<oo ¥
Also this case has symmetry in rotation volume 1
Dom =0 e
The potential is limited, because the current is limited ,
for u = oo, which means x = a within the cylinder /
BOIII = 0
Ao =0

Therefore equation I1.1.1 will be
Azn(u,v) = Ao Corr + Zp(BpIII)(CpIII cos pv + Dy Sin PU) e P renaming
Therefore the field ansatz will be

Ay (uw,v) = Ky + Zp(Cp,,, cospv + Dy sin pv) e P¥ for volume 111 (I1I.1.2¢)
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The up to know unknown coefficient will be the result Va
out of further boundary conditions of a vector field at g
the border between volume I and Il respective
volume II and III.

The field components in u-direction has to be equal
at the border between two volume I and II, means

volume [

ey rot(d; — A]) =0

— 1 —-— 1 — fucd
e xrot(—A ——A)=K
u U2 2 U1 1

With a z-oriented field the rotation will be as described in eq. .5.4c

1[— 04 —>0A]

rot A = rot (e, A) = —leus, — ey

o e oo oy 2] - gy 2 gy 20} g
U nl™™ av Y ou L% av voou 1) T
will be after multiplication
aAz aAl - .y
5 o 0 first boundary condition for normal component of vector (II.1.3)

The boundary condition for the tangential component in the case of p1 = p2= o

— 1 1[— 6A2 — aAz 1 1|— 6A1 — 6A1 } >
x{=2ley S2- g 22| - 2e; -5 22|} =K
Cu o hL ¥ av YV ou uo hLY av LY,
Withe, X e, =0ande, X e, = e, the equation becomes
1 1[04 0A — 17 Py
o [ a—uz — a—ul = e, K = K(v) second boundary condition for tangent (11.1.4)
0

Applying the first boundary conditions for the normal component (in accordance with eq. I1.1.3)
of magnetic field at the border/ boundary between

Volume I and II - here is x = 0 at y-coordinate and therefore u = 0

omy _ oa)  _ -
( P P )u=0 =0 with eq. (1I.1.2a) and (II.1.2b)

=0

a((KII+COIIu)+Zp(ApII ePY 4By, e7PY)(Cpyp cOS pr+Dpyy Sin PU)) 8(Ky+Xp(Cpr cos pv+Dp; sinpv)ePt)
v ov
u=0

p[— Cpr Sinpv + Dy, cos pv]epu = {Cou + p[Ap,, eP* + By e‘pu][—Cp” sinpv + Dy, cos pv]}

Due to the fact that there is no linear element in volume I, the corresponding element in II
will be also zero

Con=0
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For u = 0 the equation will be reduced to
[— Cpr sinpv + Dy cospv]| = {[Apy + Bpi |[—Cpu sinpv + Dy cos pv)}

Therefore

Cpr = [ApII + By ] Corr

DpI = [Apll + Bpu ] DpII

Volume II and III: - the conductor has the coordinate u;
2y o)
(6v o Jy=u, =0
a _ .
P ((K” + Copw) + Xp(Apir €P* + By e P¥)(Cpyy cos pv + Dy sin pv)) =
a : _
P (it + Zp(Cprir cospv + Dy sinpv) e 7P¥) foru=uy
p(Ap,, eP" + By e‘p“)(—Cp,, sinpv + Dy cos pv) =p (—Cp,,, sinpv + Dy cos pv)e‘p“
For u = ul the equations for the coefficient becomes by multiplying with epu

(Apir e?Pu1 4 Bpir ) (=Cppr Sinpv + Dy cospv) = —Cppyy SINpv + Dyyyyp COS U

And therefore

Cotnt = Cpri(Ap €271 + Byyp )
Dpiir = Dpi(Ap €241 + Byyp)

Applying the second boundary conditions for the tangent component at the border between
Volume I and II - withu=0andv=20

JdA 0A
|22 22| = — 4 hlgK(V)

Question: why is there a current density per length unit in u direction K(v) ?

Answer:  In areal physical system we have our conductor with current I placed in certain x-y
coordinates, that leads to certain u-v values for the first conductor. In reality we
have also to realise a backflow of the current in x and y in oo and this will be in u and
v = 0. Otherwise we will not create a real physical system with a live conductor and
a backplane (so called “earth”).

With Con=0
% [(Ap” eP™ + By e‘p”)((]p” cospv + Dy, sinpv)] — % [(Cp, cospv + Dy sin pv)ep”] =—uohK
p(Ap,, e’ — B,y e‘p“)(Cp,, cos pv + D, sin pv) —-p (Cp, cos pv + D, sin pv)e”“ == U h K
For u = 0 the equation will be simplified to
p(Ap” — By )(Cp” cospv + Dy, sinpv) -p (Cp, cospv + Dy, sin pv) =—uohK

[ApIICpII = BpiCpir — Cp1 ] cospv + [ApIIDpII — BpuDpn — Dpl] sinpv = — % hK(v)
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With Cp;; and Dpjp we will get
[ApIICpII — BpuCporr — [ApII + BpII ] Cpl] ] Cospv
+ [ApIIDpII — BpiDpir — [ApII + By ] Dpl]] sinpvy = — % h|(u=0)K(V)

[~ 2 By Cpry | cospv + [— 2 By Dpyy| sinpy = — %h|(u=0) K(v)

—1 -
Bl o) [2 B, Cpyy cOspv + 2 By Dy sinpy | = % K@)

The metric factorisatu =0

a a

h(u,v) = foru=0 h(u=0,v) = result in

coshu—cosv 1—-cosv

1—cosv
—I

2 Bp11Cppr cOSpv + By Dyyp sSinpv] = % K(v)

The current density K(v) which will be in total the current — I1h(negative due to backflow I). A
method of comparing a series of several elements which will be equal to one value is the
orthogonal development of a function.

Note: f_:t f(x)dx is equivalent to f:f f()hw)dv

A series development with orthogonal values of cos qv leads to the following integral equation in
the boundaries between -n <v < +m

2f+7T1—COS‘U

[Bp,,Cp,, cospv + By Dy sSinpv ]h(v) cosqudv = % f:f cosqv h(v) K(v)dv

—1T a

The integrals will be

f_tfcospvcosqv dv=20 forp #q andmforp=q

f_:r sinpvcosqudv =0 forall p, q

f_:r cos qv h(v) K(v)dv with h(u=0, v=0) f_:r cos0 h(w)K(w)dv = — I,
Therefore the integral will be .

27 By Cppp = — % Iy

With this step we have calculated the first coefficient, renaming to A,.

I; 1
Ap = By Cop = — 522 . (11.1.52)

A similar series development with orthogonal values of sin qv leads to the following integral
equation in the boundaries between -n <v < +m

2 fﬂﬂ [Bp,,Cp,, cospv + By Dyyy sinpv ]h(v) sinqudv = % f_:r sinqv h(v) K(v)dv

—1T a
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The integrals will be

f_:r cospvsingvdv =0 forallp, q
f_:rsinpvsinqv dv=20 forp#q andmforp=gq
f_:r sinqv h(v) K (v)dv with h(u=0, v=0) f_:r sin0 h(v) K(v)dv = 0

The first integral in cos(pv) sin(qv) is zero, the second will be constant 1. The right part of the
equation will be for v = 0 also zero and therefore the coefficient could be set to

2n BpIIDpII =0

With this step we have calculated the second coefficient as follows:

BpII Dpu =0

A similar calculation will be applied for the second boundary conditions for the tangent
component at the border between

Volume II and III - with u=uy

0A 0A
|22 - 22| = — g hjgeuyK¥)

Using the field ansatz for field in volume III respective Il lead to (with Con = 0), insert the already
defined values for Cpim and Dy (see page 21)

{aa_u [Km + Zp(cplll cos pv + Dy sin PV) e_pu] - aa_u [... ]} = —HUo h|(u=u1)K(V)

{ - aa_u [(K,, + Cojyu) + Zp(Ap,, eP" + By, e‘p“)(Cp,, cospv + Dy sin pv)]} = — Uo h|u=upK()
Differentiation lead to

—p (CPH(APH e?Pl1 Bpir ) cospv + Dy (Apir e?Pl1 + By ) sin pv)e"’“ - .

. P[(Apr €P* — By €7P¥)(Cppy cos pv + Dy sinpr)| = —pp h K(v)
For u = u; we have to solve

—p {[CouBpir + ContApn €201 |e™ + [A,, Cpye*™™ — B,y Cppre ™1 |} cos pv — -

-p {[DpIIBpII + DpniApn e?Pi ]e_pul + [ApIIDpIIe+pu1 — By Dppe™P ]} sinpv = — po h| =y, K(V)
With ByiuDpi = 0 the equation will be reduced to

. I
2 CppiApy eP"1 cospv + 2 Dy Ay €P¥1 sinpy = + ;" Bl ey KW

As before a series development to orthogonal elements in cos qv with h(uy, v)

2 f_:r CpriApyr €P*1 cospv cosqu h dv + 2 f_:t Dy iApeP* sinpv cosqu h dv =
+T U
S, ?" h| =y, K(V) cos qv h dv
The metric factor h(u,v) is nearly constant at the location of the conductor, therefore with the
current [ the integral on the right side will be for v=v1 (the location of conductor) as before.
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The integrals of cos(pv) cos(qv) will be 1 for p=q, else zero, and cos(pv) sin(pv) will be always
zero. Therefore for v = v

+m
2 CpyApy eP1m h(uy,v1) = % Bl () f_n K(v) cosqu hdv = % Bl e COSPVL Iy

Now we have the second coefficient calculated for v = v; and rename this constant to B,

B

p = C

p

_ Moly cospyy
nfpn = -~ ePia (IL.1.5b)

Again the similar procedure for the orthogonal development with sin qv
2 f_:r CoiApr P cospvsinqv hdv + 2 f_:r Dy AppeP*t sinpvsingv h dv =
+ .
f_;%o hl(,_ypK(V) sinqv h dv
First integral cos pv sin qv will be zero

U +1 . I .
2 Dy Apy ePaim h(ug, vy) = ;0 Bl (e J_ K()sinquhdv = ?0 hl(, v SINPVLL

Finally as before - and renaming

_ _ Mol sinpvy
Cp - Dp”Ap” = ; W (H.l.SC)

We have now all constant defined as follows:
Ap = BpII CpII Bp = CpIIApII Cp = DpIIApII

The coefficients in all three volumes are as follows

Cor = [Apnr + By | Cour = By + 4
Dy, = [ApII + BpII]DpII = G, due to B,y Dpyp = 0
ApIICpII = Bp ApIIDpII = Cp BpIICpII = Ap Bpiu Dpn = 0

Conr = Cpi(Aprr €71 + Bpyy ) = By 21 + 4,
Dpiir = Dpii(Apir €71 + By ) = Cp eV due to By Dpyp = 0

The exciting vector potential of a conductor is described as follows within the three volumes

Volume I: —oo<u<o
A, (u,v) =K + Z;’,":l[(Ap + Bp) cospv + Cp, sin pv] eP (I1.1.6a)
Volume II: O<u<u
A, = Ky + Z;’,":l[(Bp eP¥ + Ape‘pu) cos pv + Cp, eP" sin pv] (I1.1.6b)
VolumelIll: w<u<o

Az = Kip + Zp-1[(Ap + Bpe?™) cospv + Cpe?P™ sinpv|e " (I11.1.6¢)

The basic coefficient A, B, and C;, see equations (II.1.5a - ¢)
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.2 Exciting vector potential of a second conductor

For a second conductor with current I, at x2; y2 - respective uy, v, the solution will be similar if
the second conductor is located at x < 0 (in the left region). The solution will be based on the
already known solution for a conductor in the right plane, x > 0 just by mirroring and replacing

u with -u.

Vv, = const.

volume IIT* [T* [*

X
u, = const. conductor with
Latx,, y,
The basic coefficients of the solutions and the equations are:
« _ Mol 1 x _ Holz cospv, x _ Mol sinpv,
A, = e B, 2 pe-puz Cp 2 pe-Pus (I.2.1)
Volume I[I*: —oco<u<u;
s = Kin+ To-1|(4; + Bpe™?P¥2) cospv + Cpe™?P¥z sinpv]etPH (11.2.2a)
Volume II*: u,<u<0
= K+ Z;°=1[(BS e Pt + A;e“’“) cospv + Cp e P¥ sin pv| (11.2.2b)
Volume I*: O<u<o
=K'+ + Z;":l[(A;‘, + Bp*) cospv + C, sin pv] e~Pu (11.2.2¢)
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I1.3 Exciting vector potential of two conductors

Two conductors with current I; and I, could be located in three combinations within the given
volume:

a) Both conductors are located within positive x-values - (ui,2 > 0)
b) Both conductors are located within negative x-values - (u12 < 0)
c) One conductor is within the positive, the other within the negative plane - (u; < 0, u; > 0)

Each combination requires a different set of equations (which are off course based on the
already known solution given in the previous chapters.

We will analyse case with two conductors in the positive and negative plane as detailed in the
following drawing.

Y a
V= V2 1
:._—-..
<0, BN
Uz < 0.7 Yolume T ~ volume IV
’/ \ \\ R
r! \\ b
1 A \
! \\ "l
: > . S
] \\ : L
\ So I h¢
\ ~ J
\ S
' 6212 ;“--h__-,-
AN K
u, >0
V= Vl

With the conductor coordinates in u, v coordinates (see eq. 1.2.6/7 and r1,; are the cylinder
radius of permeable cylinder with material coefficient pi, gz and D the distance between the
cylinder

_ -1 2axy _ -1 -2ayL
u, = tanh (L )%+ (xp )%+ a? v, = tan (x )2+ (x )%~ a?
2_ ()2 272
a= \/[%] — (r)? coordinate constant eq. .2.1

The total exciting field potential is based on the given solutions in previous chapter as follow:

—oo<u<uz A= A+ A
w<u<o Ao = A+ A}
0<u<ui Agy = Ay + Al
w<u< oo Aey = An + 45
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We will have the following general solution within the different partial volumes I ... IV

Volume I —oco<u<u
Ag = A+ Ay = K1+ 35.4[(Ap + By)cospv + C,sinpv] eP + ...
+ K+ Yo [(4, + Bpe ?P¥2) cospv + Cpe™2P¥2 sinpu]etPh.
Ao = K + Ky + I524[(4, + By + A, + Bye ?P¥2) cospv + (Cp +
Cye~?P¥z ) sin pv| eP*
\_Y_J ~ J
YT Y

Ker Dlp Elp

Volume II w<u<o
A= At Ay = K+ S5y + By)cospy+ Cysinpu] et .
+ K + Z;°=1[(B{§ e P + AretP¥) cospv + Cy e P¥ sinpv]
Aer = K + Ky + X24[(4, + By + 4;) cospv + C, sinpv] eP* + ...
' Y + Yo.1[By cospv + Cj sinpv] e P

Kenr Fup

Volume III 0<u<u
Aen = A+ 47 = Ky + 5.4 [(By eP + Ape™P*) cospv + C, eP¥ sinpv] + ...
+ K+ Y5-4[(4; + By) cospv + Cj sinpv]| e ¥
Ao = K+ K+ Y5-41[(Ap + A, + By)cospv + Cpsinpv] e P + ..,
Y — + Yo-1[B, cospv + C, sinpv | eP*

Kenr Fup

Volume IV mu<<u<o
Aoy = A+ A7 = Kiyp + Yooq[(4, + Bpe®"1) cospv + C,e?P¥t sinpv]e P + ...
+ K+ +X5.1[(4; + By)cospv + C; sinpv] e P¥
Aerv = Ky + K7 + Z524[(A, + Bye?™ + A3 + By) cospv + (Cpe?P*s + C;) sinpv]e ¥
\_Y_/ — / \ )
'

Kerv Drvp Emp
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With these new constant we will have the following final solution for the magnetic potential of
two conductors for the case u; > 0and u; <0

Aer = Koi + X-1[Dip cospv + Epp sinp] eP®

Aot = Kopp + Z;ozl[(Fllp cospv + Cp sin pv) eP" + (B;,‘ cospv + C, sin pv)e‘p“]

Aerr = Koy + X1 (Fuup cos pv + € sinpv)e % + (B, cospv + C, sinpv)eP¥]

Aerv = Koy + X-1[Divyp cos pv + Epy, sinpv]e %

With the following short cuts

Dy, = A, + B, + A, + Bye 2 Dy, = A, + Bye*’™ + A, + B, (11.3.5a,b)
Ep, = C, + Cpe2Ptz Eyp = Cpe*1 4 C, (11.3.6a,b)
FIIp = Ap + Bp + A;; FIIIp = Ap + A;; + B; (1137a,b)

The coefficients Ay, Bp and C;, are defined in previous chapters - see equation 11.1.5 & I1.2.1

Volumel —oo<u<uz (I.3.1)

Volume Il uz<u<0 (1.3.2)

Volume Ill 0 <u<ui (I.3.3)

Volume IV u1<u <o (1.3.4)

The four constants K till Keiv describe a constant background potential, not created by our
current [; and L. There is no physical condition for defining these constant - they could without
any problem set to zero (or any other value).
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1.4 Vector potential of two conductors between two cylinders

Within the x-y plane or u-v plane we have two cylinders with a certain permeability p; and p»
and two exciting conductors with current I, and I,. The current induced an exciting potential A.
which will create a magnetic field.

The following potential ansatz is valid for the disturbing “Stér” potential and is based on the
exciting potential/ field ansatz with a general combination of trigonometric and exponential
functions as used in the previous equations.

Volume I — 0o <u< UKz where uk: is the boundary of cylinder Il
Arsesr = Y1 Apstor oS pv + Bysesy sinpv] eP* (11.4.1)
Volume II UKz < U < UK1
Ael
A _ AQH o C : pu -pu
1stor = A + Zp:l[ pstor COS PV + Dygrr SIN PU] [EpSttire + Fpsesre ]
© 11.4.2
Ay ( )
Volumelll uki<u<oo where uki is the boundary of cylinder I
Ajister = Z;o=1[GpSt6r Cos pv + Hpgtsr SIN pv] e Pu (11.4.3)

Note: The exciting potential A ..1v is depending of the selected volume, based on solutions
presented in previous sections.

The eight “Stor” coefficients have to be defined at the various boundaries for the normal and
tangential component of the magnetic field.
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Similar as described in section II.1 we have two conditions for the normal and tangent
component of the magnetic field.

magnetic field

magnetic field

First condition:
Normal component is equal at the cylinder boundary with u = uxi 2

ey rot(A; — Ay)

ook
(av 22), =0 (11.4.4)

Second condition:

Tangent component is jumping in accordance with the current density at the cylinder with u =
uk12 which is in our case not the true, because we have defined that the conductors are located in
volume II.

— 1 — 1 — P
e Xrot(—A ——A)=K=0
u 12%) 2 Hq 1

(Za _ Za) -0 (11.4.5)

With these conditions at u = uki,; we have in total 2 x 2 for sinus and cosines function, in total 8
equations for the eight “Stor” components.
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First condition for normal component

for u = UKz

Crarry
av v

0= [aa_v ([ApStijT cospv + Bpgisr Sin pv]epu) - (aa_u ([D,p cospv + Ejp sin pv]e”u) + ;—v ([Cpsm-jr cospv +

DpSt('jr sin pv] [EpStbrepu + FpStére_puD)]

—0= [aAIStﬁr _ (aAeI + aAIISth)]

v av v

Ug2 UK2

Uk2
p[—Apstor SNPV + Bpsor cospv]e?™ — p[—Dyp sinpv + Ep, cospueP* + .
=P =Cpstor SN PV + Dysrsr oS pV|[EpsroreP + Fpseore ™| =0

For u = uk, and sorting to sinus and cosines, dividing by p result in
3 u u u —pu —
sinpv {—Apsesre? 2 + DypeP K2 + Cpss, [Epsesre?™ 2 + Fysere P2 ]} = 0
Uu u u —pu —
Cos pv {BpStérep kz — Elpep kz — DpStér[EpStérep kz + FpStt')re P KZ]} - 0

We have now the first two equations for the coefficient.

u u u —pu _
Apseore?"K2 — Dy,eP"82 — 55 Epgrsre”™ ™ — CpsporFpsiore P = 0 (€))
UKz — UKz — pUgz2 _ —pUKz —
Bpsesre? * — EpeP* — DpssrEpsere”™* — DpsesrFpsesre™<* = 0 2)
First condition

for u=uxs

(% _ %) —0= [(aAeIV + aAIIStﬁr) _ aAIIISt()T]
dav v Jyy, dv dv dv

UK1
0= [ <% [DIVp cospv + Eyyp sin pv]e_pu + aa_v ([CpStﬁr cos pv + Dygesr Sin pv] [Epsmrep“ + FpStére_pu])) +
- aa_y ([GpStijr cospv + HpStﬁr sin pv]e—pu)]uKl

p[—D,Vp sinpv + Ejy,, cos pv]e‘p“ + p[—CPStér sinpv + Dyygs, COS pv] [Epswrep” + Fpswre"’“]
-p|- Gpstor SIN PV + Hpgpsr COS pv|e™P* =0

For u = ux: and sorting to sinus and cosines, dividing by p result in

. o . o oy

sinpv {_DIVpe puks _Cpstér[EpStarep K14 Fpopore™P Kl] + Gpseore P 1(1} =0
—-pu u —-pu —pu —

cospv {E,Vpe Pukg1 4 Dyseor [Epswrep Ki 4 Fogsr€ p Kl] — Hpgpor € p Kl} =0

We have now the second two equations for the coefficient.

—-pu u —-pu —-pu —
Diype P + ChsrorEpstore? ¥t + CpstorFpstore PKt — Gpsrore PUET = 0 3)

-pu u -pu -pu —
EIVpe pHKa + DpStérEpStbrep K1+ DpSt('erpStére PuK1 — HpStijr e PUK1 = 0 (4)
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Second condition for tangent component

for u = UKz

(i% _ iaﬁ) -0 = [1 aAIStor _ i(aAel + 3A115t6r)]

Uy ou Ug ou du du Uks

0= [”— o ([ApStor COS PV + Bpgtsr SiN pv]e”“) (au {[D,p cos pv + Ej, sin pv]e””} + —{[ pstor COS PV +
DpStér sin pU] [EpStf)repu + FpStbre_pu]})]uK
2
1 . . _
— {p[DIp cospv + Epp sin pv|eP* + p[CpStt')r cos pv + Dpgpsr SIN pv] [Epswre”” = Fpstore ru]} +
Mip[ApSttjr cospv + Byssr sinpv]eP* =0 for u = uke

For u = uk; and sorting to sinus/ cosines, dividing by p, multiplying by o will result in

u u u ugz | —
cospv {Dlp ePUk2 + Cpsesr [EpStérep K2 — Fpstore P Kz] - ApStorep Kz} =0

; u u -pu Ho U —
simnpv {Elp ePk2 4 DpStt')r [EpStt')rep k2 — pStor€ P Kz] - Z BpSt(")rep Kz} =0

We have now the third dual set of equations for the coefficient.

u u -pu Ko Ugy —
DIp ePikz + CpStér EpStijrep K2 — CpStierpStére piKz — Z ApStérep kz2=0 ()

u u -pu Ho Ugy —
EIp ePUKz + DpSté')r EpSt('jrep Kz — DpStierpStére PuKz — E BpSt('jrep k2 =0 (6)

Second condition

for u=uxs

(L% _ iaA3) —0= [i (aAeIV n aAIIStiir) _ iaAIIIStbr]
Uo Ou uqp ou Uo ou du U1 ou

UK1

0= [u_lo (i{[D,Vp cos pv + Epyp sin pv]e"’“} + %{[C,,Stm cos pv + Dpgesr SIN pv] [Epsmep“ +

pStore ]}) Uy 0u {[GpStor cos pv + Hpgesr SIN pv]e‘p”}]u
K1

[,%0 {‘P[pr cospv + Epyp sin pv]e‘l’u + p[CpStﬁr cos pv + Dyt SN pv] [EpStérepu _ pSt('jre_pu] } +
I_l_: (_p)[GpStér Cospv + HpSti:')r sin pv]e—pu] =0
Ug1

For u = ux; and sorting to sinus/ cosines, dividing by p, multiplying by po will result in

-pu u —
cospv {_DIVpe UKL + CpStér[EpStérep = pSti)’re Kl] + GpStor e Pt Kl} 0

; -pu —
sipv {_EIVpe PUKL + DpStt')r[ Storep K1 — pStor€ P Ki] + HpStor e P Ki} 0

We have now the fourth dual equations for the coefficient.

-pu u -pu Ko -PUg; —
_DIVpe Pky + CpStt')r EpStérep K= pStéerSt(")re Pk + Z GpSt('jr e PiK1 =0 7

-pu u -pu Ko -PUg1 —
_EIVpe PUKL + DpStﬁr EpStt')rep K1 — DpStﬁerSt(")re Ptk +Z HpSt(")r e PiK1 =0 3
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By careful viewing you will see that equation 1, 3, 5 an7 as well as 2, 4, 6 and 8 creating a
separate independent system of equations.

The following steps will solve this system of equations.
out Of 1 & 5 we Wlll get f15 = f15( CpStér EpStér, CpStér FpStér)
outof 3&7 f37 = f37( CpStér EpStér; CpStér FpStér)

which could be solved to Cpstsr Fpstor

u — u u —pu
from (1) ApSt(")rep Kz = Dlpep kz + CpStérEpSti)'rep Kz + CpSti)'erSti)'re PiKz

Ugy — M2 u u —-pu
from (5) ApSt(")rep Kz = “_O(Dlp ePlKz + CpSti')r EpSti')rep Kz — pSti‘)erStt')re b Kz)

Ho— Ho— K Hot H _
H-6G) 0= ( 0# 2) DypePtx2 + ( 0#0 2) CpstorEpstore?k? + ( 0#0 2) CpstorFpstore PHK?

0

Myt Uy
Ha— Ko

_ u u —pu T u
0= Dlpep k2 + CpStérEpStérep k2 — ( )CpStéerStﬁre Pikz multiplying eP*x

Myt Uy
Ha— Ho

e —Pug2 epuKl (a)

u Uk — u u
CpStﬁrEpStérep K2ePlK1 = _Dlpep k2ePlK1 4 ( )CpStéerStér

Similar with equation 3 and 7
-pu — —-pu u —-pu
from (3) GpSté')re PuK1L = DIVpe PK1 + CpSt('erpSt('jrep K1+ CpSt('erpStére Pk

—pug; = M1 —pu u -pu
from (7) GpSt('ir e PUK1 = E(DIVpe PiKL — CpSt(‘ir EpSt(")rep K1+ CpSt(")erStére P Kl)

Ho— i _ Uot i Ho— i _
-7 0= ( Oug 1) Dyype PHKL + ( OMO 1) Cpstor EpstoreP" 1 + ( 0#0 1) CpstorFpstore PUK1

Ho— 4
Kot Ky

— (Fo—H —pu u —pu
0= ( ) DIVpe Puk1 4 CpStﬁr EpStbrep K1 4 ( e~Pux1 ePUk2

Cocii Focn
Ho+ Hy ) pStor! pStor
L ePUK1pPUK2 = (M) Dyype PUK1gPUK2 4

U1+t Uo

Hi™ “0) C F. —PUk1 pDU
- - " . @ le K2 b
(Il1+ o pStor! pStor ( )

CpStér EpStt')

Set (a) = (b)

+ _ - -
—DjpePUrzePli + (H) CpsesrFpseore PUkzePUs = (ﬁ) Dyype PUK1ePUKz 4
27 Ko 1 0

€ ~PUg1 pPUK2

(Hl— Ho

[y + #o) CpStéerSté

Keep C...F... on the left side resulted in

— U2t Uo - - H1— Ho _ +ugz) H1— Ho -p(ug1—UuUk2)
Cropi Fo cp {el’(um uK2) (_) — e~ P(uk1—uk2) (_>} = D, ePUkitukz) 4 (F1ZHo) p o o-p(ugi—uka
pStorI'pstor 1tz — tio i+ Ho Ip pi+p) VP

Therefore the first coefficient:

Dlpep(uK1+uK2)+(“1_ “0) Dyype PUK17UK2)
0

— uitu
CpStéerswr = (u2+ #0) P (UK —UK2) _ (#1— #0) e~ P(UK1-UK2) (11.4.6)
H2— Ho Hi1t+ Ho
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The other coefficient can be calculated as follows:

Ha— Ho\ -
CpStérEpStér = (DIVp + CpStberStér) (ﬁ) e 2PuK1 out of (b) (11.4.7)
Apstsr = Dip + CpstsrEpstor + CpStberStére_ZpuKz from (1) (11.4.8)
GpStér = DIVp + CpStferpStéreZpuKl + CpSti')erStér and with (3) (11.4.9)

Due to the fact that both systems of equations look rather equal, we get the other coefficient for
the other equations by comparison

ApStér - BpStér Dlp - Elp CpStérEpSt(")r - DpStt')rEpStér
GpSté')r - pStor DIVp - EIVp CpStéerStf)r - DpStéerStE)r
E]pep(uK1+uK2)+(#1 Au‘O) EIVpe p(ugq1—-ugsy)
Docoi Focrn = £1t Ho (11.4.10)
pStorUpStor (M) eP(UK1—UK?) _ (M)e p(Ug1—UK2) 4.
H2— Ho K1t Ko
— Hi— Ho —2pu
DpStérEpStér - (EIVp + DpStéerStbr) (#1+ llo) e “PuK1 (11-4-11)
— —2pu
BpStt')r - Elp + DpStbrEpStbr + DpStberStére UKz (11-4-12)
— 2pu
Hpstor = Ervp + DpstorEpstore“P*¥* + DpseorFpstor (11.4.13)

With these coefficient could be the “Stor” potential/ field calculated based on equation (11:4.1)
for volume I

Arstsr = Ype1|Apstor COS PV + Bpsesy sinpv] eP¥ (11.4.1)

The field ansatz for volume II will be by multiplication of trigonometric with e-function as follow

( Stor pStorCOS pv + DpStor EpStorSln pv)epu
Apstsr = + Xp=1 ou (I1.4.2)
elII Stor pStorCOS pv + DpStor FpStor51n pv)e
and (I1.4.3) for volume III
Ajister = Z;o=1[GpSt6r Cos pv + Hpgtsr SIN pv] e Pu (11.4.3)
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I.5 Example: conductor in front of one permeable cylinder

One of these permeable cylinder shall be disappearing with r1 = 0 and equation (1.2.2) we get

a
Uy, = sinh™ (—) — 00
1

volume I1

v

1
:'
\ X
\
\
A
Ay
"\
h
The different coefficient will be based on 11.4.6 ... 13
_ (H2—Ho 2pu
lim C,opiFpori —(—)D e~Puk2
U1 oo pStort pStor Ut Ko Ip
lim C pstorEpstor = 0
UK1-00
_ 2
lim ApStor — Dlp_l_(llz #O)D e2PUK2 o —2PUk2 — Dlp H2
UK1—00 U2+ Uo M2t Ho
_ _ H2— Ho 2vu
lim Gpstsr = Divp + CpseorFpstor = Divp + Dip (—”2 - MO) e“PuK2

UK1-00
Similar we will get the other coefficients by comparison

_ [H2— Ko 2pu
D ..F.._( )E e4Puk2
pStort pStor Ut Ko I
DpSt(")rEpSt(")r =0
20,
B L=
pStor Ip U+ Ko

H2— Ko 2pu
Hygtsr = Eyp + E ( ) PUK2
pStor IVp Ip U+ Ko

Therefore the “Stor” potentials in both volumes

Arsior = m Yo 1[D,p cos pv + Ejp sin pv| eP* (1L.5.1)
Apsesr = Ae + (# T ) Yp= [eZP K2 (D, cospv + Ejp sin pv)e pu] (11.5.2)

Note: Don’t forget the exciting potential A. in volume II with the coefficient of section I1.3
Page 36
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For the special case of just one live conductor with current I in front of a permeable

cylinder we will get the following situation.
Conductor: x1=y1=0 l

ur=20

ITb
ViI=T Ho
Cylinder: r=a ® L
Upx = — sinh™*(a/r,) el X=a
i1 u=co
Ugp, = —sinh™" 1

uxz = — 0,88137

The potential in all three partial volumes is as follows:

Volume I —oo<u<uxg based on (I1I.5.1)
_ 2up oo .
Ajstor = ot szl[D,p cospv + Ep, sin pv] ebu
Volumella uk2<u<0 based on (11.5.2) and (II.1.6b)

U2— U oo : -
Ajrastor = Aena (ﬂ;”Z) Yoq| e?Puxz (D, cos pv + Ejy sinpv)e P

Aotia = Z;’f:l[(Ap + Bp) cospv + (), sin pv] eP

Volumellb O<u<oo based on (11.5.2) and (II.1.6¢)
Ha2— K oo : -
Appstsr = Aenp + (ﬁ) Yoo, e?P¥xz (D, cospv + Ep, sinpv)e PY|

Aerp = Y5-1[(4, + Bpe?™) cospv + C,e?P™ sinpv]e P
The coefficients are with (11.3.5/6a)

DIp = Ap‘l‘ Bp EIp = Cp
And finally with the exciting basic coefficients based on (II.1.5a/b/c)

I 1 I; cospv I; sinpv
A__#01_ B_Ho1 pvy C_M01 pvy

p 2w p p 2w pePU1 p 2w  pePu1

For the conductor coordinate x; =y 1 = 0 and therefore vi = 1 the coefficient C, will be always
zero as well as Ej,. The cosines function will be either + or - 1 equivalent to (-1)» and withu; =0
the exponential function will be always one, therefore

_ _ _ kol 1 opoly GDP . poli 1y o 4yp
Dy, = Ap+ By, = 2np+2n = an[l (—1D)P]

Therefore the magnetic potential in the three volumes:

2 (o]
Arstor = MZT“ZHO Y1 Dy cos pv] ePH (11.5.3)
Arastor = Z;’,":l[D,p cos pv] eP¥ + (Z%ﬁz) Z;’,O:l[ e2Puk2 (D,p cos pv)e‘p“] (11.5.4)

Appstor = Xyea|Dip cos pv]e ¥ + (ﬁ) Yoo, e?P¥xz (Dy, cospv)e Y] | (115.5)
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[II. Force on the conductors

III.1 Force on two live conductors

magnetic field

A\ J

Xx=0andu=0

The force K of a conductor with current density & within an outer field of induction Bwill be
calculated as volume integral

R= ([, (¢ x B)dv

For the linear case of a thin conductor with Current I in z-direction the volume integral will be
replaced by a contour integration

K=1¢ (dr x B)

For a plane problem with current in z-direction the differential length will be dr= e, dz and the
force on the conductor per length unit will be

_I{) — =4
=, =1(e; x B)
Here is the induction B at the location of the conductor induced by the other conductor and the

“Stor” field. The induction will be based on the rotation of magnetic potential A.

For a z-directed vector potential A= e, A(u, v) is the induction the result of

The exciting vector field A4 of two conductors is described in para 11.1.6/ 11.2.2 and the “Stor”
potential is defined in section I11.4.
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Conductor 1:

—oo<u<0

ey — 5 [Zp 1[(A, + B,) cospv + C, sinpv] eP*] —

l

=

—e, o Zp 1[(A + B )cospv+C sinpv] eP*

o1 {EJ [220:1 p [—(Ap + Bp) sinpv + C, cos pv|eP¥]| — } @
" n — ey Xp=1DP [(Ap + Bp) cospv + Cp sin pv| eP*

O<u<u

o e, ;—v Z" 1[(By eP* + A,e P¥) cos pv + C, eP* sinpv| —
1= 7
Tonl gL a Yo, [(B, €t + Ape %) cospv + C,, ePt smpv]

G ey Ype1 P [—(Bp eP* + A,e ") sinpv + Cp, eP* cospv| — ... ®)
M| -g Yoe1 P [(Bp €% — Ape ) cos pv + Cp, eP¥ sinpv]

u<<u<oo

1 e 5 Zp 1[(4, + Bpe?P*1)cospv + Cpe?P™t sinpv|e P —
elll h _ i > A B 2pu1 C Zpul ln —pu

e 5. Xpea[(4p + Bpe cospv + C,e?’"1 sinpv]e

—_ 1 ey Yoot P [—(4, + Bpe*1)sinpv + Cpe*™t cospvle P — ... ©

T h|—e o, (-Dp[(4, + Bpe?™)cospv + C,e?Pt sinpv]e PV
Conductor 2:

—oo<<u<u;

1 e 5 Zp 1[(4, + Bpe#¥2)cospv + Che~ 42 sinpv]etPt —
N aa_u Yoei[(4, + Bpe#12) cospv + Cpe 2Pz sin pv]etr

1 ey Y1 P [—(4, + Bpe #"2)sinpv + Cpe~2P¥2 cospv]et™ — ... @
M= n| —e Yoe1 P [(4, + Bpe #42)cospv + Cpe” P2 sinpv]etr

$<u<o0

1 ey — 6v Yoi[(Bp e P + AyetP) cospv + €, e P sinpv| —
R - e, aa_u Yoei[(By €77 + AjetPt) cospv + Cp e Pt sin pv]

——_ 1 ey Ypet p [-(Bp e + ApetP™)sinpv + C, e P* cospv| — ©
Mm% Iy p[(—Bp e+ ApetPt) cospy — Cpe Pt smpv]

O0<u<o

—_ 1 eua - 1|(4, + B,)cospv + C,sinpv| e P* —
o h e,,a o1| (A, + By) cospv + C, sinpv] e P*

e _ 1 {eu Yoe1 P [=(4p + Bp)sinpv + Cp, cospv| e7P* — } ®
“ nl-e X (—p) [(4, + Bp)cospv + Cpsinpv] e P
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“Stér” induction

— oo < u<uk2

e 5 [Z‘,p 1[Apstsr €OS PV + Bpsesr Sin pv] eP] — ...

[EEE—— 1
Bistor = n .9 ) .
—e oo Yo 1[Apstsr COS PV + Byssr sin pv| e?
s 1 {e_u’ [Z521 p [—Apsesr SINPV + Bpgesr cos pv] eP¥] — .. ®
Istér = — .
o h — €y Z;:l p [ApSt('jr cospv + BpStér Sin pU] ePt
uk2 < U < UKk1
—)B 1 eu v Zp 1[CpStor cospv + DpStor sin pv] [EpStore + FpStﬁre_pu] B
nster = 3 B
—ey, M Zp 1[Cp5tor cospv + Dpstsr SIN pv] [ Stﬁrepu + Fpstore pu]
= [Zoo <(_ CpStér EpStérSinpv + DpStér EpStérCOS pv)epu +> 1
u 1 . _
! P (_CpStér Epstsrsinpv + Dysisr Fpsesr€OS pv)e P
Birseor = + . ()
| o [ZOO p < ( pStor pStorCOS pv + DpStor EpStorsm pv)e >] |
v 1
P - (CpStér FpStérCOS pv + DpStér FpStérsm pv)e P J
UKk1 < u< oo
e = = [Zp 1[Gpstsr OS PV + Hypgpsr sin pv] e 7P| —
Binistor = 3 ! ) .
—ey o pzl[GpStér cospv + Hyssr sinpv] e7?
5 1 {e_u’ [Xo-1 P [~Gpstor Sinpv + Hpgpsr cospv] e P4 — ... 0
mnistsr = — _ _
o h{ - €y Z;):l (_ 1)p [GpStér cospv + HpSti)'r sin pv] e P
The calculation of the force on both conductors is now, possible, all coefficients are known
(see section I1.2 and 11.4).
The force per unit length will be in the different locations:
Force on conductor 1 & 2:
d_K) — =g . — = _ .
d_Zl =1 (e; x B)|u1 - with B = Be; + Bustor 0)
d—K_) — =g . — —
—Z2=1,(e; X B) |u2 ” with B = B, + Bistor (k)
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Force on Conductor 1 T
volume I — IT* — gy,
y A
" vol. vol. I11
/ vol. Il vol. I*

A J

X
‘\
\\
X=0|u=20
The force on conductor 1 at coordinate u;, v1 will be within the field
W@ x B, = b [& x (B + Busr)|
dz 11 e; X B)|u1 v, - 11 [ez X Bel + BIIStor 2q vy
with By = e, Boy — €, Bepy and Belistor = €u Benistoru — €y Benstorv
d—I(l) _ —_— e * — * — —_—
dz Il {ez X [(eu Belu - & Belv) + (eu BeIIStt')ru - & BeIIStﬁrv)]}lul 12
d—I(l) _ — — * — *
E - Il {ez X [(eu (Belu + BeIIStt')ru) - €y (Belv + BeIIStt')rv)) ]}lul vy
d_I(l) _ — * — *
dz 11 [ev (Belu + BeIIStt')ru) + ey (Belv + BeHStérv)]lul 12
With equation (f) and (h) the force on conductor 1 will be with h(u,v) for uy, v
( e,|—(4; + By) cospv — C, sinpv]e PH )

. U
— (CpStt‘)r EpStt‘)rCOS pv + DpStt‘)r EpStt‘)rSIrl pv)ep

— + ey, - (C F +D F . ) —pu
aKy _ 1 Yoo p < pStor 'pstor COS PU pStor FpstorSIN PV )€ I
dz ! h(ug vy SP +e,[|—(4; + By)sinpv + Cj, cospv]|eP¥

. U

+ = (_ CpStt')r EpStt')rSln pv + DpStér EpStérCOS pv)ep +
v . —-pu

\ (_CpStt')r FpStérsm pv + DpStér FpStérCOS pv)e P i

N—

(6—1,:[_(‘4; + Bp* + CpSt('erpStbr) COSpvy — (C; + DpStt')erStér) sin pvl]e_pu1
aK, I T b + a[(cpsuﬁr EpstsrcoS pv1 + Dysisr EpstsrSin PV1)€pu1]
- p=1 — * * : * -
dz + ev[—(Ap + Bp+CpSt6erSt6r) sinpv; + (Cp + DpsmrFPStér) cos pv; Je P

h(uq,vy)
. . u
+ ev[(_ CpStér Ep5t6r51npvl + DpStér EpStérCOS pvl)ep 1]

1

equation (II1.1.1)

The coefficients are defined in section I1.2 and 11.4

27. Nov 2017 Bipolar-Cylindrical_Coordinates.Docx Page 41




L]

Technische Universitét Berlin

MB@Home

Force on Conductor 2 T~

volume II — IT* — Iy,

yll

- " vol.1 vol. III

vol. I*

A J

For conductor two with current I, at location uy, v; for the external field B = B—e,) + Bistsr

Comparison between induction B—e,) and BT*, leads to

A, & Ay B, < B, Cp e Gy
Bery = — B;m

epu «> e—pu

Under consideration of above mentioned connection for uy, v, we get the force on conductor 2

e_u)[(Ap + Bp + CpStéerStdr) cospv, + (Cp + DpStéerStﬁr) sin pvz]epuz

aK, I s — €[ (Cpseor Epstorcos pvz + Dpseor Epsesrsinpv, )e Pz
- p:l —_ .
dz  h(uzvy) + ey[—(Ay + By+CpseorFpseor) Sinpv, + (Cp + DpseosrFpseor ) cos pv, |ePte

_— . —DphUu
tey [(_ CpSti')r EpStérsm v + DpSti')r EpStﬁrCOS Pvz)e P 2]

equation (II1.1.2)
The coefficients are defined for

A;, By and Cp (II.1.5a/b/c) A*p, B*; and C*, (I.2.1a/b/c)
CpstorFpstor (11.4.6)

CpstorEpstor (11.4.7)

DypstorFpstor (11.4.10)

DystorEpstar (I.4.11)

The force on conductor 2 with current I, is a result of the other conductor 1 with current I; as
well as the influence of the “Stor” field by the two permeable cylinders.

Overview of solution:
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—
volume Il — II* — [lgy,

vol. III
vol. I*

A\ J

I Conductor with current I8
X2, Y2 <> Uz, V2 Location X1, Y1 <> Uuy,Vvi
Wz with r; permeable cylinder with radius w1 with ry
A*,, B, and C*, exciting field coefficients A, Bpand Cp

“Stor” field coefficient
CpstorFpstsr — CpstorEpstor — DpstorFpstor — DpstorEpstor
Dip — Eip — Divp — Ewvp
dKz/dz Force on conductor dK;/dz

Conductor on x-axis: )
y=0 v = arctan[—2ay/(x*+y*—a®)] = 0 for x>a
m for x<a

u = arctanh[2ax/(x*+ a%)]

16800
Conductor on y-axis: ﬂ 1400

x=0 u = arctanh[2ax/(x*+y*+a®)] = 0 )

v = arctan[—2ay/(y*—a?)] s a4 1
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I[I1.2 Example: Force on two conductors on x-axis

We would like to analyse the following situation.

yﬂ

Two conductors with current Iy, I, are located at the x-axis, the cylinders are high permeable
with radius r in a distance D:

D = 2,626 (metre, yard, ...) r = 0,8509 (metre, yard, ...)

The geometric constant a of the bipolar-cylindrical coordinates will be (see .2.1)

D= (1)*+ ()2 [p?
a= \/[%] — (n)? = |5 — r* =1 (metre,yard,...)

The cylinder will have the following contour coordinate uk (see 1.2.2/3)

= si -1(4 = si -1 =
Uy = sinh (rl) sinh (0,8509) +1
= —si -1 i):— _1( ):-
Uk sinh (r2 sinh™ (==
The live conductors are located at xi1 and x.2 = — xu1 with yLi2 =0
-2 m forx<a
V2 = tan”! iz — tan10 = { f
‘ L)+ (V12 ) - a? 0 forx>a

Due to the fact that the conductors has to be outside the cylinder we will have two regions

a) 0<x<D/2-r with VL2 =T and Ui
b) D/2+r<x<oo with viz =0 and Ui
herewith
_ -1 2axpz _ -1 2axp12
U1z = tanh (xp)%+ ()2 +a* tanh (x1)%+ a?
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a.) Force on conductor 1 within the region 0<x<D/2-r

The coefficients of the different equations are in accordance with below mentioned equations.
1 L=—Al ug Uz = — U Viz =T
Uk1 Uk2 = — Uk1 contour coordinates of cylinder W12 = 00

[.L1.5 Coefficients of exciting field with current Iy

I 1 Iy (=1)P -1)P Iy sinpv
A, =—tohl Bp:uu:_y ) C, = Koy NPT _
2w p 2w pebPU1 ebu1 2w  pebPU1
[1.2.1  Coefficients of exciting field with current I,
A = — Holp 1 B* = ol (=P T (=P Cr = Uolz sinpvy
p 2T p P 2m pe-p(-u1) P epuy P 7 2m pePuz
* Ho (_All) 1 — *
A, = o 5 AA, B, =+AA, o

I1.3.5 Coefficients of exciting field with two conductors with current I,

Dip= Ay + By+ Ay + Bye e = 4, [(1 - 1)~ CL 4 ACL papa]

Dip = Ap [(1 = 4) — (e7P*s — AeP™1)(=1)P]

— 2 * * _ pY: (=P

Diyp = Ay + Bye?s + Ay + By = A, |(1-18) - 4 A S

Diyp = Ay [(1 = 4) + (Ae™P¥1 — eP¥1)(—1)P] Note: for A=1 is Dy, = —Dyp
[1.3.6  Coefficients of exciting field with two conductors with current I,

Ep,=C, + Cp*e_zl’”2 =0 Eyp = Cp92pu1 + (=0
[1.4.6  Coefficients of “Stor” field with two conductors with current I, for high permeability

B Dy ep(uK1+uK2)+(Z1+Z8) Drvp e~ Pug1—ugz) B Dip+Dyype~2PUK1
CpSt(':')erStbr - (;L2+ ﬂo) eP(UK1—UK2) _ (ll1 #0) e—P(Ug1—UK2) - e2PUK1 _ g—2PUK1 >>CF \
H2= Ko K1t Ho

I1.4.7  Coefficients of “Stor” field with two conductors with current I,
_ -2
Cpstor Epstor = (+D1Vp + CpStéerStbr)e ik

Dip+Diype”*PK1 ) o—2PUK1

Cosesr Epstsr = (+D1Vp S2PURL_ o—2PUKL

2PUK | _ p—2DU —2pu
[DIVp(e Ki— e ?PUK1) | Dip+Divpe ’“]e—zpum

CpStE)T‘ EpStE)T - e2PUK1 — g—2DUK1 e2PUK1 — g—2PUKq

Dype?PUK1 D Dyp+Dpye~2PUK1
Cooror Epcps = Vb + Ip e~2Puk1 = 2P >> CE =
pStor “pStor e2PUK1 — ¢—2PUK1 e2PUK1— g~ 2PUK1 e2PUK1 — ¢~ 2PUK1

[1.4.10 Coefficients of “Stor” field with two conductors with current I,

E; ep(uK1+uKz)+(”1+“0) Ejype PK1~UK2)
Docri Focon . = £17 Fo =0 because E =0
pStor'pStor (#2+ ﬂo) eP(UKg1—UK2) (_“1 “0) e P(ug1—ug2)
Uz2=Ho H1t Ko

[1.4.11 Coefficients of “Stor” field with two conductors with current I,

Ui— U -
DpStf)rEpSt(")r == (EIVp + DpStéerStt')r) (ﬂ1+ 'u(o)) e 2puks - O because E and DF=0
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The force on conductor 1 is based on equation III.1.1 as follows

EJ[_(AZ + B, + CpStéerStbr) Cospvy — (C{; + DpStﬁerStér) sinpv, |e P
dK; _ 1_121(;0:1 . B + a[(cpswr Epstor COSIPU1 + Dpstsr Epstsrsin pv, )eP¥1] i
dz h(uyvy) + ev[—(A;, + B;+Cp5t6er5tbr) sinpv; + (Cp* + Dpswerswr) cos pvl]e puy
+e,[(- Cpstor Epstorsinpvy + Dysisr EpstorCOS pv, )eP¥1]

With cos pvi = (-1)? and sin pvi = 0, in addition C;, Cp*, DpsterEpstsr, DpsterFpstsr are zero

We will get

al)[_(A; + B; + CpStberSt(’jr) CoOSpvy — ()0()]3‘1’”1
@ = h 200_1 D + at)[(cpStér EpStérCOS pvy + Oo)epul]
dz hpny TP +e,[—(...)0 + (00 + 00) cos pv; e P

+ e,[(0 + 0 cos pv;)eP*1]

dK, I
d_z1 = h(ull,vl) ZP 1P {eu [[ (A + B + CpStor pStor)( 1)1)]6 Py ( DStor pStor( 1)p)epu1 ]}
W

I * * — —
dz = ey h(Tlvl) Z;)ozlp (_1)p[(Ap + Bp)e P + CpStt')erStt')re Pt — CpStérEpSti')repul]

With metric coefficient h(u,v) 1.5.1.we will get with .6.3 and 4 the x/ y component for v=m

K. = (1—coshu cosv) Ky—sinhusinv K, _ [(1—=(=1) coshu)Ky —sinh u sin 7 Ky] - K
X coshu—cosv coshu+1 u
K. = sinhusinv Ky +(1- coshu cosv)K, _ [sinh usinm Ky+ (1—(—1) cosh u)Ky) —K
y coshu—cosv coshu+1 v
Therefore the force on conductor 1 within 0<x<D/2-r
d_Kl) - 2] (coshu1+1) 1)? A* BX)e~PU 4 C F -pus _ E Uy
E = —€x 1y Zp 1P ( ) [( + )e + pStor pStore — LpStor pStt’)re ]

General case for I # I; (I11.2.1)
Special Case: I = — 11

1)P

x * - - — —PuUi _ pPULY(—1)P = —
A, =—4, B, = +4, P Dy = Ap(e ePU1)(-1) Dyp = =Dy
c F _ Dlp—Dlpe_zl’”Kl _ Dlp(l_e—Zl?uIﬂ) _ —Ap(e7PU1—ePU1)(-1)P (1-e™2PUK1)

PSLOTE pStOT T g2pugy _ o—2PUK1 | @2PUK1— g—2PUK1 e2PUK1 — g—2PUK1

_ —Dpp+Dppe ?P¥K1 D, (1-e”?PUK1)
CpSt(”)rEpSt()T T Tg2PUK1_ g—2PUK1  @2DUK1— @—2PUK1 _C})S[(”)erS[or
P —
dK, _ Il(coshu1+1) P P\ —pu u
E_ _ex - Zp 1p( 1)p —A +Ap ePiy Pl 4 CpStﬁerStér(e b1 + eP 1)
1)P — 7P puq
4 _ g hcoshurtD) geen (=) (gm ) _ezpu Je P¥1 4+
dz - X a pP= 1p p (e 1—e 1) (1 e Kl) (e—pul_l_ epul)
e2PUK1— g~2PUK1
—
dKq

o5 Uoly (coshuy+1) Z;o=1 {[(_1)10 — e Pi1]ePU1 4 (1

_e—ZpuK1)(e—2Pu1 _eZPu1)
dz 21 a }

e2PUK] — p—2PUK

Special case for I = — I; (111.2.2)
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b.) Force on conductor 1 within theregion D/2+r<x<oo

The coefficients of the different equations are in accordance with below mentioned equations.
I1 L=—Al ug Uz = — Uy vz =0
Uk1 Uk2 = — Uk1 contour coordinates of cylinder P12 = 00

[.L1.5 Coefficients of exciting field with current Iy

A = ol p o= #h t _ 41 C. = Kol sinpvy _
p 21T p p 2n  pePu1 D gpug p 2w pePu1

[.2.1  Coefficients of exciting field with current I,

* Holz 1 x _ Molz 1 _ « 1 x _ Molz sinpvy _
Ap = 2T p B, = 2w pe~P(-u1) Ap epu1 Cp = 2w pe~Pu2
* Bo (A1) 1 _ * 1
Ap = o P AAp Bp = +AAp ~pi

[1.3.5 Coefficients of exciting field with two conductors with current I,

Dip = Ay + By+ A + Be ™ = A, |[(1-8) = =+ A, —— eV

eb p ebu1

Dy, = Ap [(1 —A) — (e7P¥1 — AePt1)]

DIVP = AP + BpeZpul + A; + Bl;k = Ap [(1 N A) - eP1u1 e?r + Aeplu1]
Dy = 4Ap [(1-4) + (Ae™P¥1 — eP¥1)] Note: for A=1 is Divp = —Dyp

The other coefficient has the same structure as before

[1.4.6  Coefficients of “Stor” field with two conductors with current I1; for high permeability

Dip +D1Vpe_2p“K1

CpstorFpstor = o2PUK]1 — g—2PUK] >>CF
I1.4.7  Coefficients of “Stor” field with two conductors with current I,

Cpstor Epstor = [;121;;;;11)1_;:::2;’2: >>CE
[1.4.10 Coefficients of “Stor” field with two conductors with current I,

DystsrFpsesr = 0 because E =0
[1.4.11 Coefficients of “Stor” field with two conductors with current I,

Dystsr Epsesr = 0 because E and DF = 0

The force on conductor 1 is based on equation III.1.1 as follows

e_u)[—(AZ + B, + CpStéerStﬁr) Cospvy — (Ci; + DpStéerStér) sin PU1]€_pu1
m I, Zoo p + e_u)[(CpStér EpSti;')r COsSpv, + DpStt')r EpStérSin pvl)epul]
T . p=1 — * * . * —
+ ev[—(Ap + Bp+CpSt6TFpSt6r) sinpv, + (Cp + DpStéersmr) cos pvl]e Py

dz h(uq,v1)
—_— . u
+ ev[(_ CpStbr EpSti;')TSln pvy + DpStér EpSt('jrCOS PU1)ep 1]

With cos pvi = 1 and sin pv; = 0, in addition Cy, Cp*, DpstsrEpstor, DpstsrFpster are zero
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We will get

eu|—(4; + By + CpstsrFpsesr) cospyy — 000]e P41
aK; _ _ I Yo p +2,[(Cpstor Epsesrcos pvy + 00)eP¥1]
dz  h(uyvy =P" +e,[—(...)0 4+ (00 + 00) cos pv;Je P*1

+ e,[(0 + 0 cos pv;)eP*1]

dK, I
d_zl = h(u;.vl) Zp 1p{eu [[ (A +B + CpStor pStor)]e b +( pStor pStor)e ]}
dK, .
d_zl = =€y h(u1 v Zp 1P [(A + B, )e P + CpStoerStore Pt — CpStérEpStérepul]

With metric coefficient h(u,v) .5.1 we will get with 1.6.3 and 4 the x/ y component especially for
v=0

(1—coshucosv) Ky—sinhusinv K, (1—coshucos0) Ky, —sinhusin 0 K,
coshu-cosv coshu-1
K. = sinhusinv K, +(1—- coshu cosv)K, _ sinhusin 0 Ky +(1— coshu cos0)K,, - K
y coshu—cosv coshu+1 v
Therefore the force on conductor 1 within D/2+r<x<o
dK,

—» . (coshu;—-1) " £\ — _
iz +ex h Tl Z;ozlp [(Ap + Bp)e PU1 + CpseorFpseore P — CpStérEpSti')repul]

General case for I # I1 (I11.2.3)
Special Case: I =—11

* o — —bu; — — —Pui _ pbuUs —- —
Ay=—A, B} =+Aye Dy, = —Ap(e ePi) Dyyp = Dy
c F _ Dlp—DIpe_ZPHKl _ Dlp(l—e_ZPuKl) _ —Ap(e”PU1—gPU1) (1_3—2PHK1)
pStor” pStor — e2PUK1 — ¢~2PUK1 - e2PUK1 — ¢~2PUK1 - e2PUK1 — ¢~2PUK1
_ DiptDipe U _ by (1-e 1)
CpSt(':')rEpSt('f)r T Te2PUK1_ g—2PUg1 | @2PUK1_ g—2PUK1 - CpStOerStOr
d_Kl) _ = (coshu;-1) —pur\ .. —pu —pu u
E - +ex 11— Zp 1p[( A +A eP 1)6 Pl + CpStﬁerSti)'r(e L 1)]
dK, | — ; (coshu;-1) oo —pup]p—puy 4 (&TPM1—ePM1) (1—e~2PuK1) —pu pu
dz tey Il a Zp:l P(_ Ap) [1 —e€ ]e + eZPUK] — g—2PUK1 (e tt+e 1)
dK I; (coshu;—1) _ _ 1—e 2PUK1)(e~2PU1—g2PU1
1 Il Mo I1 1 Zoozl{[l —e pul]e pu; 4 ( )( — )
dz 2r a p e2PUK1— ¢~2PUK]
Special case for [ = — 11 (111.2.4)
Test:
X =00 u=20 therefore the sum of [1-e%] and (e-%-e?) will be also zero.

x=D/24r u=ux1 therefore the sum of {[..] + (1-e~)(-1)} will be negative infinitive
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Example 1: One pair conductors without cylinder > permeability = 1,001
y A

Korper 1 Abstand Korper 2

Radius_1| 0,8509 2,626 0,8509 | Radius_2 4

Per_ mul| 1,001 1,001 |Per_mu2

6212 Hp = @ Ho Wy = oo ezll
Leiter 1 Leiter 2 o | | | | P >
Strom_1 1 -1 Strom_2 - . dK; ¥
2 1 dZ

L-ort x1 | variabel ---  |Lortx2 wo=— 1 1 w=+ 1

L-ortyl 0 0 L-orty2 e D N

Force on conductor 1 between cylinders on x-axis - all forces normalized to l;—on

8,000

7,000 L ¢
\ Kx

6,000

5,000

4,000 \
N
3,000 N

2,000

1,000

0,000
0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4 0,45

Force on conductor 1 on positive x-axis

0,200

0,150

Kx

0,100

0,050

0,000

-0,050

-0,100

-0,150

-0,200

Conductor one with positive force in x-axis >>> continual rejection
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Example 2: One pair of conductors with forward and return current

y A
Korper 1 Abstand Korper 2
Radius_1 | 0,8509 2,626 | 0,8509 |Radius_2 €
Per_mil 999 999 Per_muz2
. . ezl Hp = <0 Ho b= el
Leiter 1 Leiter 2 o | | | | ot R
Strom_1 1 -1 Strom_2 - . dK; ¥
2 1 dz
L-ort x1 | variabel ---  |Lortx2 wo=— 1 1 w=+ 1
L-ortyl 0 0 L-orty2 e D N

Force on conductor 1 between cylinders on x-axis - all forces normalized to g—on

8,000
7,000 A
\ Kx /
6,000 /
5,000 A
/
4,000 //

3,000 \\#!’/
2,000
1,000
0,000
o 005 01 015 02 025 03 035 04 045

Force on conductor 1 on positive x-axis

0,200

0,150

Kx

0,100
0,050 -‘\

0,000

-0,050

-0,100

-0,150

-0,200

Conductor one with minimum force between cylinder
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Example 3: Two conductors with forward current

Korper 1 Abstand Korper 2
Radius_1| 0,8509 | 2,626 | 0,8509 |Radius_2
Per_mil 999 999 Per_muz2
Leiter 1 Leiter 2
Strom_1 1 1 Strom_2
L-ort x1 | variabel --- L-ort x2
L-ortyl 0 0 L-orty2

Force on conductor 1 between cylinders on x-axis - all forces normalized to l;—on

8,000

6,000

4,000

Kx

2,000

0,000

-2,000

D5 0,1

35

-4,000

-6,000

/

4

-8,000

Force on conductor 1 on positive x-axis

0,200

0,150

Kx

0,100

0,050

0,000

-0,050

-0,100

/

-0,150

[

-0,200

Conductor one with no force between cylinder, always attraction
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I[I1.3 Example: Force on two conductors on y-axis

The live conductors with current I will be placed on the y-axis.

y I 4
e.ly Cﬁ
dz
Ho =
: pommt- —
X
ry
T UK1= + 1
8212 ?

The geometric situation is in all other aspects the same as before in the previous example.
D = 2,626 (metre, yard, ...) r = 0,8509 (metre, yard, ...)

The geometric constant a of the bipolar-cylindrical coordinates will be (see .2.1)

D= (1)*+ ()2 [p?
a= \/[%] — (n)? = |5 — r* =1 (metre,yard,...)

The cylinder will have the following contour coordinate uk (see 1.2.2/3)

Ugq = sinh™? (i) = sinh™?! (0,8—1509) = +1

T

Uy, = —sinh™! (ri) = —sinh™ (0,81509) = -1

2

The live conductors are located at yr1 and yr. = — yu.1 with x112=0
2ax 0
u;; = tanh™?! = = tanh™l——— =
1 (11 )2+ (V1 )2+ @ 11 )?+ a?
- —2ayi, -1 _—2ayn —-1_2ay11
vy, = tan™? = tan = — tan
M (x11)2+ (11 )2~ @ v11)2-a? ¥11)2-a?
For y = 0 the v-coordinate will be also 0
For y = a the v-coordinate will be /2
For y = oo the v-coordinate will be 0
The metric factor h(u=0, v) will be h= 2 = - =1
coshu—cosv cosh0—cosv 1—-cosv

Force on conductor 1 within the region O0<y<o
The coefficients of the different equations are in accordance with below mentioned equations.
I L=—A1 \'%1 V2= —V1 U2 = 0

Uk1 Uk2 = — Uk1 contour coordinates of cylinder P12 = 00

27. Nov 2017 Bipolar-Cylindrical_Coordinates.Docx Page 52



MB@Home ﬂﬁ

Technische Universitét Berlin

[.1.5 Coefficients of exciting field with current I,

_ Moy 1 __ Moly cospvy
Ap - Bp -

Moly sinpvy
—_— Cp = — — =
27T P 2w pebo

= —Ap cospv, am pepd

—A, sinpv;

[I.2.1  Coefficients of exciting field with current I, with cos(x)=cos(—x) and sin(—x)= —sin(x)

Holz 1 * Uoly cOSpv, * * Uolz sinpv,
A, = ———= B, = — ———== —Aj, cospv C)p = ——==
p 2w p p 2m  pe~PO p pv1 p 2m  pe~PO
.
+Ay sinpv,
x [,LO(—All)l__ * _ * __ .
A, = om AA, B, = +AA, cospv, Cp = —AA, sinpv,

I1.3.5 Coefficients of exciting field with two conductors with current I, for u=0

Dy, = A, + B, + Ay, + Bpe™?P¥2 = A, [(1 — A) + (—cospv; + A cospvy e~ ?PH2)]

Dy, = A, [(1 —A) — cospvy (1 —A)] = Ap[(1 = A) + cospyy (=1 + Ae™2PH2)]

Dyp = A, + B,e?P"1 + A, + By = A,[(1 — A) + cospvy (—e?Pa + A)]

Note: for equal currents [, =— I; (for A=1) on x-axis with u=0 both coefficients D; will be zero
[1.3.6  Coefficients of exciting field with two conductors with current I, for u=0

Ep = Cy+ Cpe 2Pz = —A, sinpv; — AA, sinpv; = —A,(1+ A) sinpv,

Eyp = Cpe®P1 + C, = —A,sinpv; — A, sinpv; = —A,(1+ A) sinpv; = Ej,
[1.4.6  Coefficients of “Stor” field with two conductors with current I1, for high permeability

DI}:)"'DIVpe_ZpuK1
CostorFpstor = PR o TPURL 0 foru=0 >>

11.4.7 Coefficients of “Stor” field with two conductors with current I, ;
CpStérEpStér = (DIVp + CpStéerStér)e_zpuKl =0 foru=0 >>
Note: for equal currents I, =— I; (for A=1) both coefficients CEF; will be zero

[1.4.10 Coefficients of “Stor” field with two conductors with current I,

Elpep(”K1+“K2)+(ﬁ1; Zg) EIVpe_p(”Kl_“KZ) Elp(1+e—2pu1(1)

_ 1 _

DpStoerSto?’ - (H2+ #o) eP(ug1—UK2) (m; uo) e~PUg1—UK?) e2PUK1— g—2PUK1
H2— Mo K1+ Ko

Do Foo —Ap(1+4) sinpv, (1+e~2P¥K1) S>>
pStort pStor — e2PUK1 — g—2PUK1

[1.4.11 Coefficients of “Stor” field with two conductors with current I,

_ —2puKi
Ui— Mo\  —2pu Epp(1+e )\ . —2pu
DystsrEpstosr = (Ewp + DpsesrFpstor) (—) e "PUK1 = (Elp + i) € PV

Ui+ Uo e2PUK1— g—2PUK1
2pu -2pu -2pu
Docri Foenn, = e?PUK1— ¢~ ?PUK1 1+e”2PUK1 e—2puK1
pStortpStor Ip | g2pug — g—2pugy e2PUK1 _ o—2PUK]
Do Eoo _ —Ap(1+1) sin pv (1+e2P¥K1) —2pugy _ —Ap(1+1) sinpv, (1+e~2PUK1) Do Foo S>> W
pStor~pStor — e2PUK1 _ o—2PUK1 e - e2PUK1 _ o—2PUK] — YpStort pStor

With metric coefficient h(u,v) .5.1 we will get with 1.6.3 and 4 the x/ y component for u =0

(1—coshu cosv) Ky—sinhusinv K, (1—cosh 0 cosv) Ky, —sinh 0 sinv Ky,
K, = = = +K,
coshu—cosv cosh0—cosv
sinhusinv Ky +(1- coshu cosv)K, sinh 0sinv Ky +(1— cosh0 cosv)K,
K, = = = +K,
coshu—cosv cosh 0—cosv
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The force on conductor 1 is based on equation III.1.1 as follows

e—u)[_(A;) + By + Cpstor pStbr) Cospvy — (C* + Dpstor pStdr) sinpv, |e P
@ _ I Zoo p + eu[( pStor pStor CosSpv, + DpStor EpStorSHlpvl)epul]
- p:l N * —
dz h(0,vy) +e, [—(Ap + By+Cpsior pSW) sinpv; + (Cp + Dpstor psmr) cos pvl]e puq

+ e, [ (= Cpstor Epstorsin V1 + Dpsesr Epstorcos pvy )eP™1]
All exponential function in u will be for u=0 equal one, and with CF=CE, DF=DE therefore
eu[—(45 + By + Cpstor Fostor) c0spvy — (Cp + Dystor Fpstor) sinpvy |

d—Kl) I Zoo p + eu[( pStor pStor COspvy + DpStor Ep5t0r51n pvl)]
p=1 - *
dz h(O,vl) + €y [_ (Ap + Bp+CpSt6r pSt()r) Slnpvl + (Cp + DpStt')r pStér) cos pvl]

+ e—v)[(_ Costor Epstorsinpvy + Dysisr EpstsrCOS PU1)]
ax, _ _b_ye { 3 ey[—(4; + By) cospvy - C,sinpvy | + }
dz  h(0vy) + e[ (A5 + By+2Cyst5rFpseor) sinpvy + (Cp + 2Dpsesr Fpsesr) €os pvy |
The vector component in u-direction will be
[.u.] = —(4; + By) cospvy — C; sinpvy = —A; cospv; — By cospv, — Cjsinpy,
[.u.] = —[A4; cospv; + (—4} cos pvy) cos pvy + (45, sinpv;) sinp, |
[.u.] = —A;[cos pv; — cos? pvy + sin? pv;] = —Ap[cospvy — cos? pv; + (1 — cos? pv,)]

Iy 1+cos pv,—2cos*pv
[u.] =—A, (1 + cospv; — 2 cos’pv; ) = —A H207T1 P 1p P

IMPORTANT: Due to the fact that we are summing up here on the y-axis (with x=0 and
therefore all exponential functions will be zero) - the convergence of this series
is bad, especially for all x-values near x=0. We have to use another field ansatz
for the case near y-axis!

The vector component in v-direction will be

[.v.] = —(4} + By+2Cyse6r Fpseor) sinpvy + (Cp + 2D 55, Fpseor ) cospvy

Ap(1-0)(1—cos pv;) (1+e~2PUK1)
e2PUK1— e~2PUK1

—Ap(1+4) sin pvy (1+e~2PUK1)
e2PUuK1— g~2PUK1

[.v.]1=—(4; + B)sinpv;, + C;cospv, + 2

sinpv; + 2 €oS pv,

42 Ap(1-1)(1—cos pvy) sin pv; (1+e~2P¥K1) 12 —Ap(1+4) sin pv; cos pv, (1+e2PUK1)
e2PUK1— g~2PUK1 e2PUK1— ¢ ~2PUK1

[.v.]=—(4; + B;)sinpv, + Cj; cospv,

The first two elements 1 and 2
[12] = —(4; + B;)sinpv; + C,cospvy; = — A5, sinpv; — By sinpvy + Cj cospv,
[12] = —Aj sinpv, + (+A4; cospv, ) sinpy, + A; sinpv, cospvy
[12] = +AA,[sinpv,; — 2sinpv; cospv,] = +AA, sinpv; (1 — cospvy)

The second two elements 3 and 4 with exponential functions

—2pu
Ap (1+e72PUK1)
e2PUK1 — ¢~2PUK1

[34] =2 [(1 —A)(1 — cospv,)sinpv; — (1 + A) sinpv; cospv, |
[..]= (1 —cospv; — A+ Acospv,)sinpv; — sinpv, cospv; — A sinpv, cospv,

[...] =sinpv; — 2 cospv, sinpv; — Asinpv; = sinpv;(1 — A — 2 cospv,)
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Therefore the 3&4 element

—2pu
Ap (1+e~2PUK1)
ezpuKl_ e—2p’LLK1

[34] =2 sinpv; (1 — A — 2cospv,)

Finally we get the vector component in v-direction as follow

—-2pu
Ap (1+e~2P¥K1)
e2PUK1— ¢~2PUK1

[.v.] = +AA, sinpv, (1 — cospvy) + 2 sinpv;(1 — A — 2cospv,)

The force on conductor one will be directed for x=0 always in y-direction, only the v component
is unequal zero.

aKy — y Hol1 1-COSVi weo . (1-A-2 cospv;) (1+e~2PUK1)
— = —e L — —— ¥,y sinpy {(1 —cospvy) + 2 e2PUK1— ¢=2PUK1 }
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Example 4: Two conductors between the cylinder

Korper 1 Abstand Korper 2 ezlly I dd_;(;

Radius_1| 0,8509 2,626 | 0,8509 |Radius_2 —+

Per_mil| 999 999 | Per_mi2 = o0 o = oo

Leiter 1 Leiter 2 | | | f >
Strom_1 1 -1 Strom_2 I I, .
L-ort x1 0,2 -0,2 L-ort x2 Ug=— 1 T U=+ 1

L-ortyl | variabel variabel | L-orty2 el, o

Force in x-direction on conductor 1 between cylinders nearby the y-axis- all forces normalized

Ho
21

to

2,500

3,500
3,000

N

\

2,000

1,500

AN

1,000

0,500

~N

N

\

0,000

0,2

0,4

0,6

0,8

1,2

Force in y-direction on conductor 1 between cylinders nearby the y-axis

2,000
1,800

1,600

f

Ky

1,400

1,200 -

1,000

0,800

0,600
0,400

0,200

0,000 $
-0,200
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I[I1.4 Comparison between electrical and weight force

A high voltage power transmission line with power levels of more than 1000 MW (severall kA at
one MV) has a size of appoxymateley 200 ... 300 mm with a weight of 5 to 10 kg/ m.

Picture I11.1: 380-kV-HGU-ground cable, see www.board.bs-netz.com

The force per length unit due to the current is proportional to

I 47107
18- =22

2n 2n

Vs _ -3 2 Vs
2= 0021077 17 ——

For currents in the order of some KA the force on the cable by electrical power transmission is
with some resonance effects with a factor of between 0.1 and 10 (see previous examples) will be
in the same order or more as the weight force.

For that reason parallel transmission line has to have a certain minimum distance between two
lines. This will be more important if there are disturbing elements (or fixing points) with certain
permeability in the neighbourhood.

The normal force between two lines with current I; and I; of length 1 and distance d is
accordance to basic physics

F= 2m d

Therefore the force has to be considered during engineering design process of high power
transmission lines.
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IV. Force on cylinders with given permeability

IV.1 Force on cylinders - general case

The force on a cylinder is a result of the change of permeability at the boundary of the cylinder.

magnetic field

x=0andu=0

The force on the cylinder will be calculated with the mechanical
tension T on the surface as a result of the magnetic field H. ﬁ
The force K is the integral of all tensions at the cylinder surface F. 7;

=l
Il

8% (b — p2) * (H_1>* H_2>)
¢FT dF

=~
I

H,
In this case we have just a planar problem in u-v coordinate for u = constant = uky, k2 with the
area element dF in v and z-direction

a

dF = h,dv* h,dz with metrical factors h,= —— h=1

coshu—cosv

Therefore the force on cylinder i=1, 2 per length unit dzwill be

—_
dK, _ rtm 1

az  Jv=—nCu 3 (“0 - ULZ) * (HT* H—12)) hydv (Iv.1)

Hy:  magnetic field at u=ux; in medium 1 with permeability po, for example outside cylinder

Hi2: magnetic field at u=uk; in medium 2 with permeability 12, inside the cylinder 1 or 2

With the relationship between induction = p Hand magnetic field
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Force on cylinder 1:

Taking into account the relationship between magnetic field and induction will transfer the force
on the cylinder as follow

dKL +m ™ 1 (o= H12) 5.5
= f =—nu 3 —uo* s (Bo * B1,2) hydv

The total magnetic field and the induction outside of the cylinder in accordance to the difference
location as in section I1.4 and III.1 described will be the sum of the exciting induction of vol. IV.
See 11.3.4 for the magnetic potential Aerv and “Stor” field Busewsr in vol 11 (see page 40, equation h)

— —_— —_—
By = Berv + Brstor

The exciting induction Bey will be with

1 [ 04y o aAelv]

Bery =rot Agy = n [eu S v a4

e, i [(DIVP cospv + Ejy, sinpv)e P4 ...

Beyy =10t Ay = 5 Yp=1 u
—ey 5 [(D,Vp cos pv + Ejy, sinpv)e 7|

E—

e, |(—Dy, sinpv + E;y,, cospv)e P¥| ...
Bey = % Zzozﬂ’{ - [( v P e P ) ] }

— e, (=D[(Dyy, cospv + E, sinpv)e P
The “Stor” induction Buswsr will be
— | (_ Cpstor Epstorsin pv + Dysesr Epstor€OS pv)epu ]
ey Zp 1P pu
B = ( Cpstor FpstsrsSinpv + Dysisr Fpsesr€os pv)e
IIStor —
h e_> [Zw p < ( pStor pStorCOS pv + DpStor EpStorsm pv)epu ]
- Sy |4p=1
(CpStor FpStorCOS pv + DpStor FpStorsm pv)e pu

The outer field/ induction will be therefore the sum of both components

( CpStorEpStor sin pv + DpStorEpStor Cos pv)epu ]
B—> _ 1 o) [ ( pStor pStor + DIVp) sin pv + (DpStoerStor + EIVp) Cos pv]e TPy
—EPZp=1 o E s Do con B crn pu
+ e [ Stor pStor Cospv + pStor=pStor sin pv)e ]
v
+[( pStor pStor + DIVp) Cos pv + (DpStoerStor + EIVp) sin pv]e pu

5 1 o0 — —
By = P Zp=1(eu Boy + €, Boy)

The “Stor” field/ induction Bswr within the cylinder was already calculated in equation i on page
40. Due to the fact that we have to multiply both fields we are using a new numbering index for
the series with q (instead of p)

B = = ey [220=1 q [_GqSt{jr sin qu + Hggssr COS qv]e‘q“]
R U € Xg=1 q [GqStér cos qu + Hggsesy Sin CIU] e T

1 fo'e) — —_—
Bisesr = 5 4 Zqzl(eu Biiis u + € Bis v)

We have to solve the following equation for the force on cylinder 1 (or 2) for u =uki2and h=h,

+m —) 1 W 98 1 00 — —_— 1 00 — —_—
= f M[ o P Yp=1(€y Boy + €, Boy) * md Zq:l(eu Biiis u + €y BIIIS_v)] hydv

=T Cu 2 Ho* H1,2

Therefore multiplying both field components will result in the force on cylinder 1

27. Nov 2017 Bipolar-Cylindrical_Coordinates.Docx Page 59



MB@Home ﬂﬁ

Technische Universitét Berlin

Force on cylinder 1 will be by integration of

K, +m — 1 (Mo— Kq) coshugi—cosv — — — —
— = f == - = Zq Zp qp[(eu BOu + €y BOU) * (eu BIIIS_u + €y BIIIS_v)] dv

v=—m % 2 porpy a

—
dk; _ — 1 (po— 1)

+71T
2z %22 v fv=_n(C05h Ugg — COSV) Xg X, qp [BOuBIIIS_u + BOVBIIIS_U] dv

() [...]
The components are
Boy = (—CEpS sinpv + DEjg cos pv)ep” + [—(CFpS + D,Vp) sinpv + (DFPS + E,Vp) cos pv]e‘p“
By, = —(CEpS cospv + DEys sinpv)eP* + [+(CFp5 + D,Vp) cospv + (DFpS + EIVp) sinpv]e ¥
Biisu = [_GqS sinqv + H s cos qu]e~m

Biis v = |G 45 cos qu + H ;s sin qu]e™

Multiplying will result in integrals for different combination of sinus, cosines functions for u = ux
(-.)[...] = (coshugy — cosv) [[1] + [2] + [3] + [4]]

(1] [ (+CEp5 Gqs) sin pv sin qv e*x:1(P~9) — DEysG 45 cospv sin qv eUx1(P=a) ]

|+(CFys + Dyyp)Gys sinpv sinqu e U1 (P+a) (DFys + Ejyp)Gys cos py sinqu e uk1(p+a)

[2] = _ (—CE,s Hys) sinpv cos qv e“<1P~D + DE,¢H s cos pv cos qv ek1P~) ]

|—(CFps + D,Vp)Hqs sinpv cos qu e ¥k1 P+ 4 (DFps + Ejyp)Hgs cospv cos qu e uk1(P+a)

(—CEps G,s) cospv cos quek1P~9) — DE, (G s sinpv cos qu e*x1 (P~

[3] = ]

|+ (CFps + Dyyp) Gys cospy cos que 1 ®P+D 4 (DF,¢ + Epy,,)Gys sinpy cos qv e #k1®@+a)

(—CE,s H,s) cospvsin qv e“<1P=9) — DE, ¢ ¢ sinpv sin qv e¥x1(P~9)

[4] = ]

|+(CFps + Dyyp)Hys cospv sinqu e ¥k1®P+@) 4 (DF,¢ + Eyyp ) H s sinpv sinqu e #xk1 P+

We have the following types of integrals in sinus and cosines as follows:

Int.1la = f_ﬂn sinpvsinqv dv see Bronstein integral #305
Int.2a = f_nn sinpv cos qu dv see Bronstein integral #408
Int.3a = f_nn cospvcosqv dv see Bronstein integral #346

And with the multiplicand of metric factor (cosh u - cos v) we will get additional six integrals

Int.1b = f_nn cos vsinpvsinquv dv = f_nﬂ CoS Vv E [cos(p — q)v — cos(p + q)v]} dv
Int.2b = f_nn cos vsinpv cos qu dv = ffn cosv {% [sin(p — q)v + sin(p + q)v]} dv

Int.3b = f_nn cos v cospvcosqu dv = f_nn cosv {% [cos(p — q)v + cos(p + q) v]} dv

Note: the product of sinus and cosine function will be transferred in a sum.
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The solution of integrals will be as follows:

Integral 1a:

l(v—isianv) = l(7r+1r) =1x forp=q
T . 2 2p 2
Int. 1la = f_n sinpvsinquvdv =

sin(p—q)v _ sin(p+q)v | _
[ 2(p-q) 2(p+q) ] =0 forp #4q
o . _(0 forp#gq
Int.1la = f_n sinpvsinquvdv = {n forp=gq (Iv.2)
Integral 2a:
L sin?pv =0 forp=gq
Int.2a = [" si dv=1{%
nt.a = f—n: SInpv cosqu av = _ [cos(p+q)v sin(p—q)v] -0 fOT +
2(p+a) 20-9) 17 P=1q
Int.2a = f_nn sinpv cosqudv =0 (1v.3)
Integral 3a:
- %(v+%sin2pv)=%(n+n)=nforp=q
Int.3a = f_n cospvcosqu dv = [Sin(p_q)v Sin(p+q)v] B forp %
2(p-a) 20+q) 17 p=q
_rm _ (0 forp#gq
Int.3a = f_n cospvcosqu dv = {n forp=q (Iv.4)
The additional three integrals will be
Integral 1b1 and integral 1b2 will be with the results of Int.3a
Int.1b = f_nn cosvsinpvsinqudv = f_ﬂn%cos v[cos(p — q)v — cos(p + q)v] dv
1
Int.1b1 = [" cosv {l [cos(p — q)v]} dv = {En forg=p—1 (IV.5a,b)
4 z 0 forq#p-1
-1
— =1-p : :
mt.1b2 = [* cosv {= [—cos(p + Qv]tdv = { 2 forq with negative p
L {2 } 0 forq#1-p
Integral 2b1 and integral 2b2 will be with the results of Int.2a
Int.2b1 = f_”n cosv {% [sin(p — q)v]}dv =0
Int.2b2 = f_"n cosv {% [sin(p + q)v]}dv =0
Int.2b = f_nn cosvsinpvcosqudv = 0 (Iv.6)
Integral 3b1 and integral 3b2 will be with the results of Int.3a
Int.3b = f_nn COS V cospv cos qu dv = f_nn%cos v[cos(p — q)v + cos(p + q) v] dv
1
Int.3b1 = [" cosv {l [cos(p — q)v]} dv = {En forg=p-1 (IV.7 ab)
T 2 0 forq#p—1

+717r forqg=1-p

with negative p
0 forq+1-p

Int.3b2 = f_nn cos v {% [cos(p + q)v]} dv = {
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The force on cylinder one will be with this interim result

W - g LWk Ty yeap ()] dv

dz Y 2a poxpy v
(-.)[..] = (coshugy — cosv) [[1] + [2] + [3] + [4]]

[ CE SG s sinpv sin veulﬂ(p—Q) — DE SG SCOSPUSiI’I v eum(p—q)
[1] P> =aq q psYq q

_+(CFpS + D,Vp)GqS sinpv sinqu e 41 ®+4) — (DFps + E,Vp)GqS cos pv sin qu e ¥k1(P+a)

[2] = - —CEps Hys sinpv cos qu euk1P=a) 4 DE,sHgs cos pv cos qv eux1(P—a) ]

| —(CFps + Dyyp)Hgs sinpv cos qu et (P+a) 4 (DFys + Epyp)Hgs cos pv cos qu e ~uk1(P+q)

—CEps Ggs cospv cos qu e*<1 P~ — DE, oGy sinpv cos qu e'x1(P=D

[3] = ]

_+(CFp5 + DIVp)GqS CosSpv COS qU e uk1(P+a) 4 (DFpS + E,Vp)qu sinpv cos qu e~ uk1(p+q)

—CEps Hys cospv sinqu euxi(P—a) — DE,sH s sinpv sin qu euk1(P=a)
[+ (CFPS + DIVp)HqS cospv sinqu et (P+a) 4 (DFpS + E,Vp)Hqs sin pv sin qv e~ uk1(P+q)
New sorting
(CEpS Ggs — DEpqus) sinpv sin qu e*x1 P~

+[(CFPS + DIVp)GqS + (DFpS + EIVp)HqS] sinpv sin qv e_uKl(p‘HI)
[1..4] = + (DEpqus — CEps qu) cos pv cos qu e*Kk1(P~D
+[(DFpS + EIVp)Hqs + (CFps + D,Vp)GqS] cos pv cos qu e~ ¥xk1(P+a)

+(...) cospvsinqv etk1®=® 4 () cospv sin qv o~k (P+a)

We have to solve the following two integral sums

(CEpS Ggs — DEpSHqS) sinpv sin qv e¥k1 (P~
+[(CEps + Dryp)Gys + (DFps + Epyp)Hys] sin pv sinqu e 4 ®+a)
Int1=[" ¥q¥%,qp coshug, + (DEysHys — CE,s Ggs) cos pv cos qu k1P~ dv
+[(DFps + Ervp)Hgs + (CFps + Diyp)Gys] cos pv cos qu e k1 ®+@)

+(...) cos pvsinqu e*1®P=D 4 (...) cos pv sinqu e ¥k1(P+a)

(CEPS GqS - DEpquS) sin pv sin qv euKl(p—Q)
+[(CFpS + DIVp)Gqs + (DFPS + EIVp)Hqs] sinpv sin qu e~ uk1(P+q)
2q2pdp cosv + (DE,sHys — CEps Gys) cos pv cos qu 1= dv
+[(DFPS + EIVP)H‘IS + (CFPS + DIVp)Gqs] cospv cos qu e‘uK1(p+Q)
+(...) cos pvsinqu e¥k1(P=@) 4 (..) cos pv sin qu e ¥k1(P+a)

With (1V.2/3/4) the first integral sum will be

Int2=—["

V=—T

(CE,s Ggs — DE,sHys)
+[(CFps + Diyp)Ggs + (DFys + Epyp)Hys| e 2Pk
Int_1 = Yq=pXpqp coshug; T + (DE,sHys — CEps Gys)
+[(DFps + Epvp)Hgs + (CFps + Dyyyp)Ggs| 7274
+0+0
Int_1 = 2m coshug Y51 P*[(CFps + Diyp)Ggs + (DFps + Ejyp ) Hgs| €7 2PHk1

The second integral will have cos v times sin x sin y and cos v times cos x cos y
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(CEpS Ggs — DEpSHqS) cos(p — q) v e¥x1(P~a)

_(CEpS Ggs — DEpSHqS) cos(p + q) v etx1 (P~
+[(CFps + Dyyp)Gys + (DFps + Epyp)Hys] cos(p — q) e @+
~[(CFps + Dpyp)Gys + (DFyps + Epyp )Hys] cos(p + q) e txa®+@)

+(DEpsHys — CEps Gys) cos(p — q) etx1®P=a)

+(DEpsHgs — CEps Ggs) cos(p + q) euk1(P—a)
+[(DFys + Evp)Hys + (CFps + Dpypp ) Gys] cos(p — q) e #xa(Pta)
| +[(DFyps + Ejyp)Hgs + (CFys + Diyp ) Gys] cos(p + q) e txa®+a)|

Int2=—[" dv

V=—T

YqXpdp cosv

This will result in two series with q=p — 1 for the difference of p—q and q =1—p for the sum of p+q
(CEps Ggs — DEpsH,s)e¥st
+[(CFps + Divp)Gys + (DFps + Epyp)Hys e "1 2P=1)
+(DEysHys — CEpg Gy )e¥st
| +[(DFps + Eryp)Hys + (CFps + Diyp)Gs|e 4 2P1)|
Int_2a = -1 Y51 p(® — D[(CFps + Divp)Gys + (DFps + Epyp)Hys|e 41 @P~1)

Int_2a = — %Zquq Zp qp

And the second integral sum will be
—(CE,s Ggs — DEpgH,g )tk (2P~1)
—[(CFps + Dyyp)Gys + (DFps + Ejyp)Hys|e 4k
+(DE,sHys — CEps Ggs)et k1 2P~
L+[(DFys + Eyyp)Hys + (CFys + Dy ) Gos]e

Int—Zb =T 22021 p(p - 1)(CEpS Gqs - DEpquS)euKl(zp_l)

Int_2b = — EZqzl—p Zp qap

The force on cylinder one will be with these three integral sums at the end

2 coshuyy Xgly P[(CFps + Divp)Gos + (DFps + Eiyp)Hys) €72
r1 PP = D[(CFps + Divp)Gys + (DFys + Eryp )Hgsle PV 1| (1v.8)
© 1 p(p — 1)(CEps G5 — DEpsH ) et =1

dKi _ —» 7 (o~ M1)
dz Y 2a porpy

The constants of the exciting magnetic field of two currents in front of the cylinder and the
disturbing “Stér” magnetic field are already known, see section I1.1 until 11.4

CFpstsr 11.4.6 f(D1p, Divp) [1.3.5a,b

Divp I1.3.5b basic functiona s of f(Ap, By, A%, B*,)
Gas 11.4.9 f(Divp, CEpstsr, CFpstor)

DFpstor 11.4.10 f(Eip, Ervp) [1.3.6a,b

Ervp [1.3.6b basic function as of f(Cp, C*p)

Hgs 11.4.13 f(Ewvp, DEpstor, DFpstor)

CEpstor 11.4.7 f(D1vp, CFpstsr)

DEpstor 11.4.11 f(Ewvp, DFpstar)

All are based on the exciting basic coefficients as of equation II.1.5a,b,c and 1I.2.1a,b,c
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IV.2 Example: Force on cylinders

Xx=0andu=20

In this example we would like to calculate the force on cylinder if both conductors with +/ — 1
are located on the x-axis for y = 0 in front of cylinder with high permeability.

We will use the same dimensions as in section III.2 for the force on conductors as follows:

D = 2,626 (metre, yard, )
The geometric constant a will be
The cylinder contour will be at

The conductors are located at y1.12 =0

r = 0,8509 (metre, yard, )
a =1 (metre, yard, )
Ukiz = 1

vi1,2 = T for x<a and 0 for x>a

For the case of conductors on the x-axis the force vector will be with .6.3/4

_ (1—coshucosv) Vy—sinhusinvV,

v (1-coshucosv) _ (tV, forx<a (IV.9)
x = coshu—cosv ~ U coshu—cosv _Vu forx >a )
sinhusinv Vv +(1—-coshucosv) v, sinhusinv
Vy = = Vu =0
coshu—cosv coshu—cosv

We will have a force in x direction, depending on the location of conductors either in + x-axis.

a.) Force on cylinder 1 between the cylinder 0<x<D/2-T
The coefficients of the different equations are in accordance with below mentioned equations.
1 L=—1 ug Uz = — Ui Vi =T
UKk1 Uk2 = — U1 contour coordinates of cylinder W12 = 00
I.L1.5 Coefficients of exciting field with current I,
Azoz_#zo_lll szuLh#:_p(—gp szuo_hsin#z
T p 2w pePU1 ebu1 2w  pebPU1
[I.2.1  Coefficients of exciting field with current I,
A = — Holl Bt = Molz VP . CDP Cr — Hol2 Snpvy _
p 2w p p 2 pe~P(-u1) P epu1 p 2w pe~PU2
4y = _%%: —4Ap By, = +4, (e_plu)lp
27. Nov 2017 Bipolar-Cylindrical_Coordinates.Docx Page 64



MB@Home ﬂﬁ

Technische Universitét Berlin

[1.3.5 Coefficients of exciting field with two conductors with current I,

—-1)P —1)P
Dip = Ay + By+ A + Bye ' = 4, |- 4 - et

ebu1 ebu1
Dp, = Ap [(—e7P"1 + eP¥1)(=1)P] = A, (eP*r — e7P¥1)(—1)? >>
— 2pu * * _EDP opu (G0l
Divp =4y + Bye?" + Ay + By = Ay |- S er + £
Dy = Ap [(—eP¥r + ePU1)(=1)P] = Ay (eP"r — e7P*1)(=1)P =Dy, >>
[1.3.6  Coefficients of exciting field with two conductors with current 1,
— * ,—2 — — 2 *
Ep = Cp+ Cpe™P2 =0 Eyp = CpeP"1+ ;=0
[1.4.6  Coefficients of “Stor” field with two conductors with current I,
_ DptDype ?PUKL  Dpp+Dppe ?PUKL 1+e 2PUKL o
CpStf)r FpStijT T Te2PUK1_ -2PUK1 | @2PUK]_ g—2PUK1 Ip m e K1 >> -

I1.4.7  Coefficients of “Stor” field with two conductors with current I,

—2pugi
i} — ) - Ye—2pug1 — 1te —2pug
CpStorEpStor - (DIVp + CpStoerStor)e = (Dlp + DIp e2PUK1 — g—2DUK1 e !

2pu -2 -2
Coo Foo =D [(e PUK1— ¢~2PUK1) 1+e~2PUK1 ]e—Zpum
pStor=pStor Ip | g2prugs — o—2puk; e2PUK1 — g—2PUK1
2puK1 1
— 4 —2pug1 — o’
CpStérEpStér - DIp [ezpuKl_ e—2PuK1 e2PUK1 — e—zpuKl] e - CFPS >>

[1.4.9 Coefficients of “Stor” field with two conductors with current I,
GpStér = DIVp + CpStérEpStéreZpuKl + CpStierpStér = Dlp + CFpStér(eZpuKl +1)

1+e2PUK1

( e?PUK14+14+1+ e 2PUK1
e2PUK1— g~2PUK1 €

2PUk1 4 1) = Dy, + Dy, =

e2PUK1— ¢—2PUK1

GpStér = DIp + DIp

G _ e2PUK1— ¢ ~2PUK14+e2PUK14+2+ e 2PUK1 2 Dpp(14€2PUK1) 1+e”2PUK1
pStor — Fip e2PUK1 — g—2DUK] T e2PUK1_ g—2PUK1 Ip | _ o—4pug,

[1.4.10 Coefficients of “Stor” field with two conductors with current I,

Elpep(uk1+ukz)+(“1' “0) Epype P(UK1~UK2)

+ Ko
Dycrin Foocpn = £ =0 because E=0
pStor'pStor (#2"’ ﬂo) eP(UKg1—UK2) (_“1_ “0) e P(ug1—ug2)
H2= Ko K1t Ho

I1.4.11 Coefficients of “Stor” field with two conductors with current I,

M~ Bo) -
DystorEpstor = (EIVp + DpStéerStér) (uiTuz) e~ 2PUK1 = () because E and DF = 0

[1.4.13 Coefficients of “Stor” field with two conductors with current I,

Hystsr = Ervp + DpstorEpstsre®P (1 + DpstorFpsesr = 0 because E, DE and DF =0

With these values the equation for the force on cylinder one will be reduced to

00 2 -2
. ( | 2 coshugy Y51 p?[(CFps + Diyp)Gys] €741 51
— T (Ho— 1 oo - -
d_z1 = Cug, u(:)* u11 p=1P(P = 1)[(CFPS + DIVP)GqS]e )l = e |52
=51 P = D (CEps Gys)e @) =3
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The coefficients are

Dlpep(uK1+uK2)+(M) Djype PMK17UK2)

Coii Focor = M1t Ho
pStor U'pStor (ﬂ2+ Ho) eP(UK1—UKD) _ (M) e—P(ug1—ug2)
K2— o #1t ko

_ K1~ Ho —2pu
CpStérEpStﬁr = (DIVp + CPStérFPStﬁr) (y1+ uo) e P

GpStt')r = DIVp + CpSté')rE}oStérezlouK1 + CpStt')erStér
Dy, = A, + B, + A, + Bpe ?P2

Dy, = Ay + Bye®?™ + A, + By

Gps = Dyp + CEpse®¥k1 + CFyg = Dy, + CFps (1 + e2PUk1)

1- e *PUk1  (1+e ?PUK1)(1+e 2PUK1)
1— e 4PUK1 1— e 4PUK1

1+e~2PUK1
- DIp + DIp 1— e—4PUK1

e~2PuKi(1 4 e2PUa) = Dy [

G D 1— e PUK1+1+2e 2PUK1 4~ 4PUK1 1+ e ~2PUK1
pS — Hlip 1— e~4PUK1

1+e 2PUK1

—2puK1+ —4pugq 1— —4pugq 1 —2pugq
_ —opu _ (e e )+1—e _ +e
CFos + Divp = Dip 1 =ipuy € """ + Dip = Dip

1— e—4puK1 - Ip 1— e—4puK1

For q = p we will have

1+ e~ 2PuK1 1+ e~ 2PuK1

o 2puis
Dlp 1— e~ Uit 2 Ip 1— e~ Uit e

[(CFps + Dryp)Ggs] e 7242 =

2
5 _ 1+ e~ 2Pu1 2
[(CFps + Divp)Gs] e72PHrr = 2 (D o) €

For g = p — 1 we will have

_ _ 1+ e~ 2PUK1 _ _
[(CFys + Dryp)Gysle 2?70 = Dy = e ~k1(2p=1)

1+ e~ 2auk1
e~ 4pugq 2 qu 1—

e—4un1
e—ZpuK1 1+ e—Z(pfl)ukl

2 D (1+ e—Zpukl) (e_uKl(Zp_l)-‘r e—(2p72+2p71)u1<1)
Igq 1— e—4—(p—1)uK1

1— e—4puK1 1— e—4—(p—1)uK1

1+
= DIP 1—

-t - —ug,(2p-1) —
o APuK] e 2DIpDIq

-2 —-2(p—-1)
(1+ e_4puK1)(1+ 9_4 p_1 VK1) e~ uk1(2p-1) >>
(1— e=*Puk1)(1— 4P~ Duk1) \

[(CFys + Divyp)Gysle k1 2p=1) = 2Dy, Dy,

For g = 1 — p we will have

14+e~2PuK1

= ug,1(2p—-1)
Dlp 1— e~ 4PuK1 e

—2un1
—2pug 1+ e KL
€ 2 qu 1— e—4aug1

(CEpS Gqs)eum(Zv—l) =

1+4e2PuK1

—4pu euKl(Zp_l)
1— e *P¥K1

p—2prugip p, e K e"20 Pk
Iq7_ g=40—pugq

1+ e+2(p—l)uK1
1— e+4—(p71)u1(1

1+4e2PuK1

—4pu euKl(Zp_l)
1— e *P¥K1

e~ 2pPuk1) Dy,
eZ(p—l)uKl e—Z(p—l)uKl_l_ 1

euKl(Zp_l)
e4—(p71)uK1 6—4(13*1)111(1_ 1

e~ 2pPuk1) Dy,

—2(}0*1)11.](1
—2pugy e "7 K1 upi(2p-1) p—2(p—Dugy
e 2Dy, T T © e

e—ZpuKl 1+e—2(p71)uK1

euK1(2p—1—2p+2—2p)
e—4puK1 1_6—4(1371)11.,(1

1+
= - ZDlleq 1—

e—ZpuKl 1+e—2(p—1)uK1

—ug,(2p-1) J
e—drug 1_e—4(p71)uK1 e >>

(CEps Gys)e 2P0 = — 2D D, i
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Therefore the equation become finally with sum S2 = — sum S3
. 2 coshugy Yplq pz[(CFPS + Dle)GqS] e P +S1
dK — 1 (ho— H1) S - -
== e e | Zap® = D[(CFys + Diyp)Gosle el = =52
= Bap(p = D)(CEps Gys)e 1@V -3
Ky _ — 1 (o= ) w 1+ e~2Pug1\%
d_Zl = €y 2a ﬁ 2 cosh Uk 2p=1 p22 (Dlp m) e Zpuyy

aK,; — 1 (Mo— Hyq) w 2 u —puy 1t e ?PUKL 2 —2pu
—= ¢, ———— 2coshug; X724 p Z(Ap (eP¥1 — 7P 1)—) e~ 2P

dz 2a  Ho* Hp 1- e 4PUK1

— _ 2

aK; — 21 (Uy— o) (lio 11)2 o [ u —puy 1te ZpuKl] -2

— =—¢, — ——coshug, (— > |(eP¥r — eTPU1) ————| e7%P¥ | (IV.10

dz U a  py*pg K1\ 24 p=1 ( ) 1— e 4PUK1 ( )
b.) Force on cylinder 1 outside the cylinder D/2+r<x<ow
The coefficients of the different equations are in accordance with below mentioned equations.

1 L=—1 ug uz=—1u viz=0

Uk1 Uk2 = — Uk1 contour coordinates of cylinder P12 = 00

II.L1.5 Coefficients of exciting field with current I,

I 1 I 1 1 I; sinpv
A—_m_ B—M_— C—M$=

p 27 p p 2m pepir P epus

p 2w pePU1
All other coefficients will be the same as in case for force on cylinder between the cylinders.

Due to the fact that in this case the coefficient A, as part of Di, will be squared in the above
equation the force will be described by the same equation.

The difference between both cases is the calculation of the location of the conductor on x-axis
with equation [.2.6 for u as function of x and vice versa with 1.1.2

With the metric factor h and equation IV.9 for the components in x and y direction we get finally
for the force on cylinder if the conductor is between the cylinder or outside (x > a) only a force
in x-direction:

oM +d:% forx<a
iz _ (IV.11)
@ — forx>a

dz
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Example 5: force on the cylinder

/,——-0—\
-
-
=
[=4
g =
5
-
&
_
-
i
Q
=
P

Korper 1 Abstand Korper 2
Radius_1| 0,8509 | 2,626 | 0,8509 |Radius_2
Per_mil 999 999 Per_muz2
Leiter 1 Leiter 2
Strom_1 1 -1 Strom_2
L-ort x1 | variabel --- L-ort x2
L-ortyl 0 0 L-orty2

x=0andu=0

Force on cylinder 1 with conductor between cylinder and outside in positive x-plane

3,000

Kx

2,000

1,000

0,000

L 4

-1,000

-2,000

L 2

Cylinder 1 —

-3,000

. . . 2
Note: The force is normalised to the multiplicand Tn

(11— Ho) (uo_ll

2
o pye ) as of equation 1V.10
1* Mo
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Force on cylinder in x-direction: Kraft_Korper_x.xlsx
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Attachments - numerical calculation

Example 1: Force on conductor without cylinder as of page 49
File: Kraft_Leiter_x.xlsx

Korper 1 Abstand Korper 2

[Radius_1] 0,8509 [ 2,626 [ 0,8509 [Radius_2]

[Per_mu1| 1,000 | [ 1,000 [per_mii2

Leiter 1 Leiter 2

Strom_1 1 -1 Strom_2

L-ortx1 |variabel --- [rortx2 ‘
L-ortyl 0 0

L-orty2 | spiegelbildlich zu Leiter 1

<<< zwischen den Zylindern >>>

<<< Leiterin positiver x-Halbebene >>>
0,15 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,85 1,25 1,5 1,75 2 2,5 3 4 6 10
X 0,069 | 0092 | 0139 | 0185 | 0,231 | 0,277 | 0323 | 0,370 |0,392785| 2,705 | 3,246 | 3,787 | 4328 | 5410 | 6,492 | 8656 | 12,983 | 21,639

Kraft x | 7,213 | 5410 | 3607 | 2705 | 2,065 | 1,804 | 1,547 [ 1,355 | 1,276 | 0,185 [ 0154 | 0132 | 0116 [ 0,092 | 0077 | 0058 [ 0,038 | 0023
Kraft_y | 0,000 [ 0,000 | 0,000 | 0000 [ 0000 | 0000 [ 0000 [ 0000 | 0000 | 0000 [ 0000 | 0000 [ 0000 [ 0000 | 0000 [ 0000 [ 0000 | 0,000
Kraft | 7,213 | 5410 | 3,607 | 2,705 | 2,165 | 1,804 | 1,547 | 1,355 | 1,276 | 0,185 | 0,154 | 0,32 | 0,116 | 0,092 | 0,077 | 0,058 | 0,038 | 0,023

Remark: no cylinder is simulated with permeability of one.

Example 2: Force on conductor

as of page 50
File: Kraft_Leiter_x.xlsx
Kérper 1 Abstand Korper 2
[Radius_1] 0,8509 [ 2,626 [ 0,8509 [Radius_2]
|Per_mL'|1| 999 | | 999 |Per_ml'JZ|
Leiter 1 Leiter 2
Strom_1 1 -1 Strom_2

L-ortx1 [ variabel ---  |Lortx2 ‘
L-ortyl 0 0

L-orty2 | spiegelbildlich zu Leiter 1

<<< zwischen den Zylindern >>> <<< Leiterin positiver x-Halbebene >>>

0,15 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,85 1,25 1,5 1,75 2 2,5 3

X 0,069 0,092 0,139 0,185 0,231 0,277 0,323 0,370 [0,392785| 2,705 3,246 3,787 4,328 5,410 6,492 8,656 12,983 | 21,639

Kraft x | 7,401 | 5668 | 4,026 | 3334 | 3088 | 3184 | 3720 | 5192 | 65831 | -0340 | -0,022 | 0,047 | 0066 | 0071 | 0066 | 0053 | 0037 | 0,022

Kraft .y | 0,000 | 0,000 | 0,000 | 0000 | 0000 | 0000 | 0000 | 0000 | 0000 | 0000 | 0000 | 0000 | 0000 | 0000 [ 0000 | 0000 | 0000 [ 0,000
Kraft 7,401 5,668 4,026 3,334 3,088 3,184 3,720 5,192 6,831 0,340 0,022 0,047 0,066 0,071 0,066 0,053 0,037 0,022

Remark: normal case with two currents forward and back conductor

Example 3: Force on conductor with two forward currents as of page 51
File: Kraft_Leiter_x.xlsx

Korper 1 Abstand Korper 2

[Radius_1] 0,8509 | 2,626 [ 0,8509 [Radius_2]|

[Per_mu1| 999 | [ 999 [per mii2

Leiter 1 Leiter 2

Strom_1 1 1 Strom_2

L-ortx1 [variabel --- |Lortx2 ‘
L-ortyl 0 0

L-orty2 | spiegelbildlich zu Leiter 1

<<< zwischen den Zylindern >>>

<<< Leiterin positiver x-Halbebene >>>
0,15 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,85 1,25 F155) 1,75 2 2,5 3 4 6 10
X 0,069 | 0092 | 0139 | 0185 | 0,231 | 0,277 | 0323 | 0370 |0,392785| 2,705 | 3,246 | 3,787 | 4328 | 5410 | 6,492 | 8656 | 12,983 | 21,639

Kraft_x | -6,841 | -4,905 | -2,808 | -1,552 [ -0,554 | 0,450 | 1,724 | 3,853 | 5812 | -0523 [ -0,233 | -0,361 | -0,128 [ -0,096 | -0,078 | -0,058 [ -0,039 | -0,023
Kraft_y | 0,000 [ 0,000 | 0,000 | 0000 [ 0000 | 0000 [ 0000 [ 0000 | 0000 | 0000 [ 0000 | 0000 [ 0000 [ 0000 | 0000 [ 0000 [ 0000 | 0,000
Kraft | 6,841 | 4905 | 2,808 | 1,552 | 0554 | 0450 | 1,724 | 3,853 [ 5812 | 0523 | 0233 [ 0361 | 0128 | 0,096 | 0,078 | 0058 | 0039 [ 0,023

Remark: two conductors on both sides of cylinder, back current via “earth”
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Example 4: Force on conductor on y-axis as of page 56
File: Kraft_Leiter_y.xlsx
Korper 1 Abstand Korper 2
[Radius_1] 0,8509 | 2,626 [ 0,8509 [Radius_2]
[Per_ mu1| 999 | [ 999 [per_mii2
Leiter 1 Leiter 2
Strom_1 1 -1 Strom_2
L-ort x1 0,2 -0,2 |L-ortx2
L-ortyl |variabel --- |L-orty2 | spiegelbildlich zu Leiter 1
<<< im Zylinderbereich >>> <<< Leiterin positiver y-Halbebene >>>
0 0,03 0,1 0,15 0,2 0,3 0,4 0,6 0,9 1,2 ) 2 2,5 3 845 4 6 10
y 0,000 | 0026 | 0085 | 0128 | 0170 | 0,255 | 0340 | 0511 | 0766 | 1,001 | 1,276 | 1,702 | 2,127 | 2,553 | 2,978 | 3,404 | 5,105 | 8509
Kraft_x | 3,213 3,164 2,742 2,319 1,909 1,265 0,849 0,410 0,156 0,062 0,021 -0,006 | -0,014 | -0,016 | -0,016 [ -0,015 [ -0,018 | -0,019
Kraft_y | 0,000 | 0399 | 1,170 | 1,512 | 1,693 | 1,752 | 1,616 | 1,207 | 0,706 | 0,420 [ 0270 | 0,163 | 0,126 | 0,111 | 0,103 | 0,097 | 0,083 | 0,008
Kraft 3,213 3,189 2,981 2,768 2,552 2,161 1,826 1,275 0,723 0,424 0,271 0,164 0,127 0,112 0,104 0,098 0,085 0,100
Konvergenz ???? *
<50 0,000] 0,000 0,004] 0,000 0,076| 0,033 0,077
<100 0,000 0,000 0,000 0,000 0,012 0,006 0,040
<150 0,000 0,000 0,000 0,000 0,001 0,002 0,079
<200 0,000] 0,000 0,000/ 0,000 0,0000 0,000 0,026
Kx Ky Kx Ky Kx Ky Kx

Remark: conductors are near the y-axis, please note the problem with convergence at high y-
values, small v-values

Example 5: Force on cylinder as of page 68
File: Kraft_Korper_xlsx

Korper 1 Abstand Korper 2

[Radius_1] 0,8509 | 2,626 [ 0,8509 [Radius_2]

[Per_mu1| 999 | [ 999 [per mii2]

Leiter 1 Leiter 2

Strom_1 1 -1 Strom_2

L-ortx1 | variabel --- |Lortx2 ‘
L-ortyl 0 0

L-orty2 | spiegelbildlich zu Leiter 1

<<< zwischen den Zylindern >>> <<<_Leiterin positiver x-Halbebene >>>
0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,85 1,15 13 14 1,6 2 2,5 3 3,5 4
| X 0,046 0,092 0,139 0,185 0,231 0,277 0,323 0,370 0,393 2,488 2,813 3,029 3,462 4,328 5,410 6,492 7,574 8,656
[ kraft x | -0,015 | -0,063 | -0,149 | -0,285 | -0,495 | -0,827 | -1,393 | -2,525 [ -3,648 | 4,317 | 2,074 | 1,507 | 0,940 | 0495 | 0285 | 0,187 | 0,134 [ 0,100

Remark: normal configuration with +/- current on both sides of cylinder.
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